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Convergence of Sequences and Series

[Characterized] 2.17: A sequence(x,), in a metric space(X,d) converges iff
(3x)(Ve > 0)(IN)(Vn>N)d(x,x,) <e < x=limx,

[Monotone] 2.25: A bounded and eventually monotone sequence of reals converges
(3x)x=sup{x.}, A(IN)(¥Yn,m:N <m<n)x, <x, = x=lim X,

[Add, Mult] 2.40: Letx=lim_ X ,y=Ilim,_ y, belimits of convergent complex sequences then
x+y=lim, (%, +Y,) xy =lim, (x,y,) (3N)(Vn>N)x, =0=x"=lim,(x,')
[Cauchy] 2.41: Areal or complex sequence convergesiff it is a cauchy sequence of the form
(x,),converges < (Ve >0)(IN)(Vn ke Ny )n> N =[x, — X, | <&

[Upper Lim] 2.46: Let(x,), be a bounded real sequence then

(VS >0)(3IN)(Vn>N)x, < x+e

(VS >0,N)(3n>N)x—¢ <X,

211 x=lim, x, < lim x, =lim x, =x lim (-1)"x, = 0= lim(-2)"x, =0
[Examples] 0=lim_1/n=lim_ 1/¥nl =lim_n!/n" =lim_c"/n!;1=lim_&n=lim_sinc/c;

—|nf{SJp{Xn Xn+l'Xn+2’ }} llm

[Partial Sum] 2.6: (Vx=1)¥h oox™ =cEE- [Binom] 2.11: (a+b)" = Xj g a™ b’
[Geometric] 2.22: c=0v X <le Trox" =5 [A.Harmonic] 2.30: ¥, (-1)"" L ~.6931...
[Misc] 2.20: 3.7 x.converges= lim_ x, =0 lim x, #0= > x diverges

[Leibniz] 2.29: An alternating infinite series convergesiif it satisfies these three conditions

(i) 2o x dternates @ii)limx, =0 (iii)(Vn)|xn|>|xn+1|

[Comparison] 2.32: LetY; x, and Y’ y, be nonnegative real serieswhere(3N)(vn> N)x, <y, then
Y.y, converges= >~ X CONverges > o x diverges= 3y, diverges

[Add, Mult] 2.40: Letx=37 X,y =2V, belimits of convergent complex series then
X+Y=27(%+Y,) (VeeC)ex=3rex, T5 %], Zn|valconverge = 3| x,y,| converges

[Cauchy] 2.48: Areal or complex series convergesiff it isa cauchy series of the form
Y x.converges < (Ve > 0)(IN)(Vn ke Ny )n> N =[x + X, +.. X, | <€

[Absolute] 2.50: Y|, | converges= X x,converges

[Root-Test] 2.54: For a complex series ﬁq/m <1= ¥r|x,| converges
|Xn+1|

%]

[Power] 2.58: For areal or complex power series p(x):=>n.,a X" L= ﬁq/m >0
L=0=(vx)(Ip(x)) L>0= (VX< L’l)(ﬂp(x)) /\(VX > L’l)ﬁ(ﬂp(x)) —(3L) = (Vx=0)—(3p(x))
[Convolution] 2.66: For two absolutely convergent series Y. ,a,,> o b, thisholds
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[Ratio-Test] 2.56: For a serieswith x_ = O(ﬁn X, | s)ﬁ

<1= ¥7|x,| converges



