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r�] - y	� � ]xy	{|rs\c� !2o.r } � 0c�qo.]4~&0c]a]ao.]
�"! 5 � � ) o.b��ao.] �arso2�qo , o.b�w \^kabqo2] \c_ }�y	{|\^}�r��qjlk _a] �
��rsjlkao2b � ��y	m \c��� ��_a\c]�}�o.]xj.y	{4�a_x}qo.b��	o2b�w .a�cm \cb��qr�]a��# 3E\c]��	o.k�}U\c���so.b��ars]x�	��� \ �cy	]
\^_a� �i� \c���
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�v��jlk ) o.b�o�-Jbqy	mx�so.{4o��	yc]���_ \c]�}�o2]aj.yc{|�a_ }�o.b�]�]ar�jlk�}�r�]E� y	� � ]xy	{|r �

o2�s��o.b�� o2r�}W�	o2� 0	��} )%o2bq�ao2]�~&0c]a]ao.]
�"! � # ��rso.��o.be��{4��}�\c]a�uo.b�wzy	bq�ao2b�}Wo2� � \c��}qo.b�] \^}�r �	o
��b�� � }�y	��� ��}�o2{|o !2_)o.b�wzy	bq��jlkao.]$�a�arsoe�a_ab�jlk��ao.]��Jr�]a��\^} !��cy	] ��_ \c]�}�o2]aj.yc{|�a_ }�o.b�]
]xrsjlk�}e�	o.mab�y jlkxo.] )%o2bq�ao2]0~&0	]x]ao.]�#
��\^� 3Ej �J��rso.j2oM��b��`�x}qy	���`��}qo.{ rs��}Ho.r�]��qy	��jlkao.� # 3Ej �J�srso2j.o'm o.]n_x} !2}J��rs]ao.\cbqo h o.k �

��o.b�~cy	b�bqo.~�}q_abqj2y �ao2� � w .ab��ar�o7��jlka]ao.���so7��o.j2y �ar�o.bq\c�s�	ycbqr�}qka{4o.]��	y	b�k \c]a�xo.]��qr�]a��� �arso
%�y	�a�a\ �%y �ao2� #O��rso ' r�jlkao.b�kao.r }��ao.��, o2b�w \ckab�o.]a��ma\c�qr�o.b�}�� \cb�\^_xw � � \^�q� � \c����o.j.y �
�xrso.b��abqycma�so2{?w .abM�	o2]ao.b�o.���so��sr�]ao \^bqo �%y`�ao.�

NP
� �qjlk )%o2b�r���}�� 5 � #

tv]��ar�o.�qo2b
%�b�mpo2r�} )Wr�bq�"�ar�o�h _a]a~�}�r�y	]a� )%o2rs�qo��xo.��3Ej �J��rso.j2o���b��`�x}qy	���`��}qo.{4�
]a�ckao.b7o.bq�s�c_x}qo.b�} #"%�_��	o2bq�ao2{ ) o.b��ao.] %�]x�	bqr�� o|\c_xwe� \c� ' �`��}qo.{ m o.ka\c]a�ao2��}�_x]a�
�xo.bqo2] 4K\c_xw !2o.r�}H\c] \^���`�qr�o.b�} #�� rso.����y	�s�no2�H�qo2rs] \^m1!._a��jlk �^} !.o.]$�cw .ab )%o2�sjlkao - \cb�\^{|o }�o.b
{|\c]u� \c� 3Ej � ��rso2j.o � b��`�x}�y	���`��}�o2{ \c�s�W�qr�jlkao.bem o !.o2rsjlka]xo.]�~ \c]x]�# ��\cm o.rK�qy	���O�qr�jlk
]xrsjlk�}%]n_ab%\c_xwO�xrsoW}�kao2y	bqo }�rs��jlkao 4K\c_ w !.o.r }%�xo.b %�]a�	b�r��po�m o !2y	�	o2]�) o.bq�xo.]�� � \ �ar�o.��o
�x_abqjlk��ar�o 
 ����y^}l\^}qrsy	] ��]a�	o2] \c_ar��	~co2r�}qo.]�o.]�}�ka�c��} #'��r�o.� )Wr�bq�"� \cbq\c]"�ao2_x}���rsjlk��
�a\c�q� �qy ) y	ka�

5n3 \c��� \c_ajlk 1000n3 mpo2rs�ao�r�] O(n3)
�qr�]a��#W��o2b/, y	b�w \c~�}qy	b)�ao2b

r�]"�ao.b 
 � ��yc}�\^}�r�y	]() o.�cw �^�s��} � ka\^})wzy	���	�sr�jlk o.r�]ars�co.� !2_ab)}l\^}q���cjlkx�srsjlkxo.] 4K\c_xw !2o.r�}
m o.r !._x}qb�\c�co.]�#
tv] �U\^�ar�}qo.� d ) o.b��ao�r�jlk !2_a] �cjlka��}'� \^� %�bq_a]x�a�so2�	o.]a�xo !2_ab'�%y`�ar�o.bq_x]a�	��}qkao.ycbqrso

�a\cbq��o.�	o2]�#O� \c�ar }�o.� 5 o2]n}qk �c� } o.rs]xo � o.�qjlkxbqo.r�ma_a]a�E�ao.� 3Ej �J�srso2j.o4��b��`�x}qy	���`��}qo.{4�
_x]a��rs]�� \c�xr�}�o2� � ) o.b��ao.]��ar�o %�]x�	bqr�� o � \cb�\^_xw mpo2�qjlkab�rso2mpo2];_x]a���a_abqjlkx�	o2w .akxb�}2#
� \c� }�r�}qo.� � m o.rs]xk \c��}qo2} {4o.r�] hi\&!2r�} _a]x� � \c�ar }�o2� g m o.��jlkabqo2rsmx}��arso�m o.]n_x} !2}qo.]
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��rso��%y �ar�o.b�_a]a�	��}�kao2y	bqr�oEr���}|�arsou{ \ }�kao2{ \^}qrs��jlkao �Mkao.y	b�rso�.am o.b �xrso � b�~co2]a]n_a]a�
_x]a����y	b�bqo2~n}q_ab��cy	]�h o.ka��o.bq]�rs]��xrs�	r }l\c��o.]E��\^}�o2]�# tvkxb �Jrs]a�q\^} ! ! ) o.jl~0r���}ewzy	�s�	��rsjlk
�xo.b ' jlkn_x} !��ars�cr�}l\^�so.b ��\^}�o2]&�	y	b�h o2ka�so2bq]&m o.r��ao.b�o.] ' � o.r�jlkao.b�_a]a� y`�ao.b#"�m o.b �
}qb�\c�c_a]a�1# ��{G�ar�o.� !2_ o.b�bqo2rsjlkao2]��") o.b��ao.] �ar�o|_ab��q�ab/.a]a�	��rsjlkao2] ��\^}qo.]�� \c_ajlk tv] �
wzycbq{|\^}�r�y	]a�q��o � _ao2]1!��	o2] \c]a]�} � {4r�}�}�o.��� �ao.b'�%y �ar�o.b�_a]a�	��wz_a]a~�}�r�y	] r�] o.r�]��%y`�ao ) y	b�}
}qb�\c]x��wzy	b�{|r�o.b�} #c��rso.��o.�Z�%y`�ao ) y	b�} o.]�}�k �^��} �Wo.�a_x]a� \c]1!2o.]����xrso%o2�Jo.b�{�0	�c�srsjlkxo.]���y	� �
��o.] o.rs]xo�m o.��}qrs{4{|o %�]1! \ckx���	yc]"h o.ka��o.bq](!._"o2bq~co2]a]ao2]�y`�ao2b|��\^b�!2_"mpo2kao.m o.]�#
��\c�a_ab�jlk0rs��}�� \^����\ }�o.]��cy	�s_a{4o.]E�ao.���%y �xo ) y	b�}q���	b/0 �	o.b�\c���e�a\c���xo.betv]xwzy	bq{|\^}qr �
yc]a�q��o � _ao.] !&#

�J�W� \c���qo2]E��rsjlku\c�s��o.b��ars]a�c�%]ar�jlkn}em o.��rso.mxrs�7�`rso2�so�h o2ka�so2bM~cy	b�bqrs�crso.b�o.]�#
�Jrs]
)Wrsjlk �
}qrs�	o2� 3�\��1���a\c� !._ab �%o2�qjlkab�o.r�ma_a]a� �arso2�qo.b �%y`�ao �Jrs�	o2]a�qjlk \ w } kxo.b�\^]a�	o !2y	�	o2] )Wr�bq���
r���}W�ar�o ��\c{4{4rs]a� ��rs��}�\c]1! #
$ 
&%7	�������B?	 � ��rso ��\c{|{4rs]x�7��r���}�\c]1! ! )%o2rso.be�%y`�ao �	o.~�}qy	bqo2]

x = (x1, x2, . . . ,
xn)
_a]a�

y = (y1, y2, . . . , yn)
o.]�}����abqr�jlkn}�'

d(x, y) = |{xi|xi 6= yi}|.

��r�o ��\c{|{4rs]x����r���}�\c]1! m o.��jlkabqo2rsmx} \c�s��y0�arso %�] ! \cka� �ao.b7_a]�}�o.b��qjlkar�o.�a��rsjlkao2]
�Jr�]n}qb��c�co�mpo2rs�ao2b , o.~�}�y	b�o.]�#
$ 
&%7	�������B?	 � ��\c� ��\c{4{4rs]a�G% o )Wrsjlk�}W�	rsm }'�ao2]�%�ma��}�\c]a� o.r�]ao.� , o2~�}�y	b�� !._a{
�e_a�s� �	o2~n}qy	bW\c]�'

|x| = d(x, 0) = |{xi|xi 6= 0)}|

!$!



! d � � ��� �
����� � � � �
����� � � ���

��rsoM{4rs]ar�{ \c��o%��rs��}�\c]1!
dmin

! )Wr��qjlkao2] ! ) o.r �%y`�ao ) 0	b�}�o2bq] m o.��}�r�{|{7} ]`_x] )Wr�o
�	_x}W�ao2b��%y`�ao h o.kx�so.bMo2bq~^o.]a]ao2]0y`�ao.bM~^y	bqb�rs�	r�o.bqo2]�~ \c]a]�# [co �	b/0 �	o.bM�xrso�{4rs]ar�{ \^�so
��rs��}l\c]1!%rs��} �^_x{|��y�{|o2kab h o.kx�so.b ~ \c]a] �ao2b �%y �xoMmpo2kao.m o.]�#	��rso � \cka�x�xo.b {|\J6 rs{|\c�
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rs]�r�kabM~cy	b�bqo2�q� y	]a�ar�o.bqo2]a�ao2�

n
�vmar }e�%y �xo ) y	b�}
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m o !2o.rsjlkx]ao2} #

s =
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∑
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ci
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g
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H.xmpo2bq]ar�{|{7}�wzy	�s�	��rsjlkE�ao.];� o2��} �Oy	m�� \c� ' �`]a�ab�y	{
Sc(x) = 0

rs��} #O��\cbq\c_a� o.b��	rsm }
��rsjlku�ao.b %�_xwzm \c_ �	y	]

H
)Wrso�wzy	���c} '

H =













gtg(γ0)
−1 . . . gtg(γn−1)

−1

(gt−1 + gtγ0)g(γ0)
−1 . . . (gt−1 + gtγn−1)g(γn−1)

−1### # # # ###
(
∑t

j=1 gjγ
j−1
0 )g(γ0)

−1 . . . (
∑t

j=1 gjγ
j−1
n−1)g(γn−1)

−1













= XY Z

) y	m o.r

X =













gt 0 0 . . . 0
gt−1 gt 0 . . . 0### ### ### # # # ###
g1 g2 g3 . . . gt













�
Y =













1 1 . . . 1
γ0 γ1 . . . γn−1### ### # # # ###

γt−1
0 γt−1

1 . . . γt−1
n−1













�

Z =















1
g(γ0)

1
g(γ1) # # #

1
g(γn−1)















.
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��{ o2rs]ao

k
� mar�} ��\cjlkabqr�jlk�}

m
!._ �co.b��qjlka� .a�q��o.�s]$�%m o.bqo2jlka]ao }){|\c] !._a] �^jlka��} � \c�

~cy	b�bqo.���pyc]a�arso2bqo2]a�ao��%y`�ao )%y	b�}
g = m ∗ G

# %�]a��jlka�sr�o �	o2]a�"\c�a�xrso.b�}4{ \c] o.r�]ao.]
!._xw �c���sr��$�	o )'�ckx��}�o2]

n
�vmxr�} h o.kx�so.b��	o2~n}qy	b

e
{|r }

|e| ≤ t
kar�]1!._ '

c = g ⊕ e =
m ∗ G ⊕ e

#
c
rs��}W�a\c]a]u�arso��	o2bq��jlka� .a���qo2��}�o , o.b��qrsyc] �cy	]

m
#i��rsoUh o.ka��o.b���}�o2�s��o.]�rs]

e
��y	�s� }�o.]��	��o.r�jlkn�co.b�}�o.r���}��co )%�cka��} ) o.b��ao.]$�9�a\u{|\c]��qyc]a��} ��_a���s��}�o.���so2]0rs]

e
b�\^}qo.]

~&0	]a]�}qo&# �J��r���}7w .xb��arso ' rsjlkxo.bqkxo.r�}7�ao.�G, o2b�w \ckxbqo.]x� )Wrsjlk�}�r��1�9� \c�q�7�ao.b��co )%�cka��}qo
hio2ka�so2b��co.~�}�y	b �	o.kao2rs{ ma�so2rsmx} _a]a�&w .ab���o.�ao ��\cjlkab�rsjlk�} o.r�]&]ao._xo.b h o.ka��o.b��	o.~�}qy	b
mpo2��}�r�{|{ } )Wrsb���#

�#� � � ����� � � ��� � � �	� � ���
��{Xo2rs]ao'�co.bq��jlka� .x�q�qo2��}qo ��\^jlkabqr�jlkn}

c
!2_|o2]�}��qjlkx� .a���qo.��]��`mpo2bqo.jlkx]ao2} { \^] !2_a] �cjlkx��}

c′ = c ∗ P−1 # %�]a��jlka�sr�o �	o2]a�Eo2bq{4r�}�}�o.� }M{|\c] {|r }Mo.r�]ao.{ ��jlka]ao2�s�so2]���o.j.y`�ar�o.b�\^�s�	y �
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b�r�}qka{�_a� �"! # �4#H�ao.{ - o2}qo.b��qy	] %����	y	b�r�}�kx{�_a� �
m ∗ S = m′ # ��\cb�\c_x��o.b�k �c��}�{ \c]�a\c]a]

m = m′ ∗ S−1 # ��r�o�{|\c]0�qr�o.k�}2�prs��}��ao.b�hio2ka�so2b��co.~�}�y	b e
!2_a{S��o.j.y`�ar�o.bqo2]

}�\^}��q�cjlka��rsjlk�]ar�jlkn}W] 0c}�r��1# %��s��o.rs]|�a_ab�jlku�xrso���o.]x]n}q]ars�M�xo.� % yc�a� \ -9y	���`]ay	{4�
g(x)r���}%o.�'{ 0	�	��rsjlk4�arso�hio2ka�so2b !2_�~cy	b�bqrs�crso.b�o.]�# ��r�o.�'�	o2�qjlkar�o.k�}M{4r�} �ao.{ - o }�o2bq�qyc]�%�� �

�cy	bqr }�ka{�_x� � �ao.bJo2rs]ao 4K\c_ w !.o.r }H�cy	]
O(n3)

k \ }�� : � # 
�kx]aoW��o.]a]�}�]xrs�J�ao2�J� \c�q��o.]a�xo.]
%�y	�a�a\ -9y	���`]ayc{|�

g(x)
�a~ \c]a]u{|\c] �arso h o.kx�so.bM]xrsjlk�}eo � !.r�o.]�}eo.]�}qwzo2bq]ao2]�#
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h".ab o2rs]ao2] %�]a�	bqo2r�wzo2b9�crsmx}9o.�"! ) o.r`�py^}�o.]�}qrso.���so ��o2b�\c]x�	o.kao2]a�/) o.r��qo2]��	_a{N� \^� 3Ej � �
��rso2j.o)��b�� � }�y	��� ��}�o2{ !._ mab�o.jlkao2]�# �Jrs]ao2bq��o.r�}q� ~&0	]x]n}qo�o.b7�co.b��q_ajlkao2]

g(x)
\c_a�

G\^m1!._a��o.r }�o.]$�J_a{ � \c]a] �ao.] -9o2}qo.bq��y	]�%��s�	y	b�r�}qka{�_a��!2_a{ �qjlka]ao2�s��o.]&��o.j.y`�ar�o.bqo2]
m o.]n_x} !.o2] !2_"~&0	]x]ao.]�#W��rso ! )%o2r�}qo 3�0	�	��rsjlka~^o.r })rs��}2�

m
\c_a�

c
!._"~cyc]a��}qbq_ar�o.b�o.]

ycka]ao
G′ m1! ) # g(x)

!2_E~^o.]a]ao2]�#
��r�o o.b���}�o�%'}�}l\cjl~^o�)Wrsbq���a_xbqjlk��	o.o2rs�	]xo2}�o �$\cka�9�	y	]

n
_a]x�

t
�	o2bqo2r�}�o2��} # h .ab

n = 1024 = 210 _a]x� t = 50
o 6 rs��}qrso2bqo.]$\c�s��o.r�];o } )'\

2149 �	o2bq�qjlkxrso.�xo.]ao���rs]ao.\cbqo�%y`�ao2� #1�ers]1!2_)~cyc{|{4o.])]xy jlk�_a] ! �cka��rs�	o ,Z\cb�r \^}qrsy	]a��{�0c�	�sr�jlka~co2r�}�o2] w .ab
S
_a]a�

P
#

�Jr�] �%bq_ }�o �vh y	bqj2o %�]a�cbqr��$\c_xw �xrso7�co.kao2rs{4o�3�\^}qbqr 6
G
) .ab��ao \c�s��y �`rso2� !._��s\c]a�	o

�a\c_ao.b�]�#M�e]a��o.rs]xo0o � !.r�o.]�}�o2bqo 3Eo }�kay`�ao&�
g(x)

\c_x���ao.] 0��po.]�}���rsjlk"m o.~ \c]a]�}qo.]
tv] wzy	bq{|\^}�r�y	]ao2]
!._uo.bq{4r�}�}�o2�s]�� rs��}Wmxrs�qkxo.bM]ar�jlkn}em o.~ \c]a]�} #
��o2b ! ) o.r�}qo �$o2�4��rso2kn}Wr�]�}�o.b�o.����\c]�}�o2be\c_a� # %��s��o.bq�xrs]a�	� rs��}M� \c� !._ � 0	�qo2]a�ao �'\ �

��rs���abqy	mx�so.{ �a\c��\^�s�s�co.{4o.rs]xo���o.j2y �xrso.b��abqycma�so2{ w .abe�srs]xo \cb�oU�%y �ao2� � )%o2�sjlkao2�
NP

�
��jlk )%o2b r���} � 5 � # �9bqyc} !.�ao2{Sk \ }��arso2�qo2b %�]a�cbqr��Rm o.�q��o.b�o �Jb�wzy	�s�	�q\c_a���qrsjlk�}qo.];\c�s���arso
o2bq��}�o 3Eo2}qkay �xo&#
tv{Xwzy	���	o.]x�ao.] )%o2bq�ao2])�ab�o.r ,Z\cbqrs\c]�}�o2]|�ao2b ! ) o.r�}qo.] 3uo2}�kxy �aoW�	ycbq�	o2��}�o2�s� }2# � _ �

]a�cjlka��}�)Wr�bq� �xrso)h _a]x~n}qrsy	]x�/) o.rs��o)o.r�]ao.b ,Z\cbqrs\c]�}�o|o.bq�s�c_x}qo.b�}7_a]a� �a\c]a] \c_xwWr�kabqo
}qkao.ycbqo2}qrs��jlkao 4K\c_xw !2o.r�}�o.r�]a�	o.�	\c]a�	o2]�# %�]a�qjlkx�srso �	o.]x� )%o2bq�ao2];�xrso�\^_xw o.r�]ao.{ %'}�k �
��y	]�� - d ! f	f��,{|r } � ! d 3���� % 3 �	o2{|o2�q�qo2]ao.] 4K\c_xw !2o.r�}qo.]"�abq�c�qo2]�}�rso2b�}�_x]a�
\^] \c���`��rso.b�}2#

����� �
	 ���

��rsoWo.b���}�o ,Z\cbqrs\c]�}�oMr���}Z�ao.b %�o.]ao2b�\c�itv]xwzy	b�{ \ }�rsyc] ' o2}%��o.j2y �xrs]a��
 %�t ' ��� %�]a�cbqr��"#
� o.bqo2r�}q� 3uj �J�sr�o.j.o k \ } r�] �qo.r�]ao.{N_xbq�q�xb .a]a�c�srsjlkxo.] -H\c� o.b �"! f � �arso2�qo tv�ao2o%\c]x�	o.���abqy �
jlkxo.]�#>4Oo.oW_a]x� � bqrsjl~^o.���ak \cm o.] � \c]x]4]xy jlk o.r�]ao , o.b�mpo2�q��o.bq_x]a�U�cy	bq�co.]ay	{4{4o.] � 2 � #
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��rso�tv�ao2o �ao.� %�]a�cbqr��p� m o.��}qo.k�}4� \cb�rs]�� o2rs]ao�3uo.]a�	o
J
�cy	]

k
' � \c� }�o.] \c_x�4�xo.b

k×n
% o2]ao.bq\^}�y	b�{ \ }�bqr 6

G
�qy !2_ )%�cka�so2]�� � \c�q�H�arso2�qo

k
' � \c� }�o2]�o.r�]ao r�]��	o.b�}�r�o.bqma\cbqo

k × k
3�\^}qbqr"6

GJ

mar��s�ao2]�# �Jmpo2]a�qy mars���ao2}e{|\c]�\^_a���ao2]��	��o.r�jlkao.]
k
' �a\c��}qo.]��xo.�

�%y �ao �	o2~n}qy	bq�
c
�ao2]

k
� mar�} , o.~�}qy	b

cJ
#H��\c�a_ab�jlk )'�ckx��} { \c]Rrs{4�a�sr !.r }�\c_ajlk �xo.]

k
�vmxr�} , o2~n}qy	b

eJ
{4r�} #

' rs]a� �ar�oM�	o )%�cka� }�o.] ' �a\c��}qo.] wzo.ka��o.b�wzbqo.r �c��# k�#
eJ = 0

�&)Wrsb��
cJ = m∗GJ ⊕eJ!._

cJ = m ∗GJ

#x��\^b�\c_a�Zo.b��	rsm }%��rsjlk
m = cJ ∗G−1

J

_a]�}�o2b%�ao2b �%o2�ars]a�c_a]a�1�n� \c���
GJ

rs]��co.b�}qrso2bqm \cbWr���}2#
��rso.�9rs��} \^�s�so2bq�ar�]a�	�O]n_ab9~cy	b�bqo2~n} � w \^�s�s�O�xo.b h o2ka�so2b

eJ = 0
rs��}2# ��r�o 4Oo.o _a]a� �%bqr �

jl~co.��� � b )%o2r�}qo.bq_x]a�
� 2 � \c�a�xrso.b�}�\c�s��o�{�0	�c�srsjlkxo.] h o.ka��o.b��	o.~�}qy	bqo2]
ejJ

{4r�} % o )Wrsjlk�}
~`��o.r�]ao.b�\c�s�

j
!2_

cJ ∗ G−1
J

� \&!2_�� _a{ h o.ka��o.b��	o.~�}qy	bqo2]
eJ
!2_;o2�sr�{|r�]arso2bqo.]$� �ao.b�o.]

% o )Wrsjlk�}M{|\J6 rs{|\c�
j
rs��} #xhi\c���s�Z] �c{4�sr�jlk|�ao2bMh o.ka��o.b��	o.~�}qy	b

ej

�xo.{
eJ
o.]�}����abqr�jlkn} �

)Wrsbq� �ar�o.�qo2b|�a\c�a_ab�jlk&o.��rs{4rs]ar�o.b�}7_a]a� { \c] ~ \c]a] ]`_x]
m = cJ ∗ G−1

J

mpo2bqo2jlk �
]ao.]�#`��r�o %�]1!.\cka� wzo.ka��o.b�mpo2k \^w }�o }�o2b ' � \c��}qo.] )Wrsb��4�x_abqjlk)�a\c� tv]xwzy	bq{|\^}qrsy	]a��wzo.]a��}�o2b
mpo2��}�r�{|{ }2#

$ 
&%7	�������B 	)+ ' o2r
N = {0, 1, . . . , n}

�arso�3Eo2]a�	o4�ao.b ' � \c� }�o2]ars]a�xr !.o2���	y	]
G
#

J
rs��} o.r�]4tv] wzy	bq{|\^}�r�y	]a��wzo.]a��}�o.b �cy	]

G
�	w \^�s�s�

G = (V, W )J
{4r�}

V = (Gi)i∈J

_a]a�
W = (Gj)j∈N\J

#
Gi
m o.�qjlkxbqo.r�mx} �ar�o

i
� }�o ' �a\c��}qo'rs]

G
#	��rsoM�ey	{|�x�so.{4o.]�}��cbq{4o.]a�co

R = N\J
]ao.]a]�}�{ \^]��eo2�a_a]a� \^]1!2wzo2]a��}qo.b #

3E\c]E~ \c]x]u]xrsjlk�}eo � !.r�o.]�}ers{?�cy	b�\^_a�Wo.bq{4r�}�}�o2�s]�� y	m �arso��	o )'�^ka��}qo
k × k

3�\ �
}�bqr 6

GJ

rs]��co.b�}qrso2bqm \cb r���}2# � _x{ � o2��}�o2]�\c_xw tv]��	o.b�}�r�o.bqma\cbq~^o.r�}%mpo2]10c}qrs�c}Z{|\c] o.rs]xo.]
�cka]a��rsjlkao2]�%�_xw )%\c]a���1)Wr�o !2_a{ tv]��	o2b�}qrso.b�o.]E�qo.��ma��} #i��o.��k \c��mE��� \cb�}W{|\c] �qr�jlkE�xo.]
� o2��} _a]a�|�co.b��q_ajlk�}W�ar�o43E\^}�b�r"6 �ar�bqo2~n} !2_ rs]��co.b�}qrso2bqo.]$# � _x{ tv]n�co.b�}�rso2bqo2] )Wrsb��|�ao2b
%U\c_x�q� %��s�	ycbqr�}qka{�_a� �	o2b/) o.]a�xo2}2�J�xo.b�o2rs]ao2] %�_xw )%\c]a� �cy	]

O(n3)
k \^}2#9�9bqr�}�}7r�]

�ao.���qo.] , o.bq�s\c_xw o.rs]xo �e_a�s� � � o2rs�so y �xo.b � ' � \^��}�oW\^_xw ��rs��} �xrso 3�\^}qbqr"6 ]arsjlk�} rs]��	o2b�}�r�o.b��
m \cb #	��o.b %����	y	b�r�}�kx{�_a�")Wr�bq� � \c]x]|\^ma�	o.mxbqy`jlkao.]4_a]a�4� \c� , o.b�w \ckab�o.] mpo2�	rs]x]n} {4r�}
o.rs]xo.b9]ao._ao2] %�_x�/)%\cka� �cy	] ' � \c��}qo.]U�	y	]5, ycbq]ao #^��\c�Hm o.�ao2_x}�o }2� � \c���H{|\c]7{4rs]a�xo.� �
}�o.]x�J�ao.] %�_xw )%\c]a�

O(n3)
�abqy ' � \^��}�o2] \c_a� )'\^ka�

J
\c_xw ) o.]a�ao2] {�_x�q� _a] \cmxk �c]a�	r��

� \ �	y	]�� )Wrso��`rso2�so�h o2ka�so2bq�q�a\c��}qo.]��ar�o 3Eo.]x�	o
J
��o2} ! }�o2]a�a�sr�jlk�o.]�}�ka�c��} #xtv��}W�xrso 3�\ �

}�bqr 6|rs]��	o2b�}�r�o.b�m \cb � ]ao.]x]n}W{|\c])�xrso 3Eo2]a�	o��xo.b
k
' �a\c��}qo.]

J
tv]xwzy	b�{ \^}qrsy	]x��wzo.]x��}�o2b

�	y	]
G
#

�Ro.]x]R{|\c]�o.r�]�tv]xwzy	b�{ \^}qrsy	]x��wzo.]x��}�o2b��	o2wz_x]a�ao.]�k \ }2� ~ \c]a]�{|\c]�]n_a]�}�o.��}�o2]��
y	m7o2� { \�6xr�{ \^�

j
hio2ka�so2bHo2]n}qk �c� }2# ��rso �eo2jlkao.] !.o.r } w .ab �ao.]��9o.��} \c_xw hio2ka�so2b�wzb�o.rskxo.r�}

�ao.b��co )%�cka��}qo.] ' � \c��}qo.]�r���}���o.kab��	o.b�rs]a�1#$3�\c]�~^\^]a]��arso2�qo2]�� o2��}U\c���so.b��ars]x�	�Wo.bq��}
�a_abqjlk w .akabqo2]�� )%o2]a]��xrso 3�\^}qbqr 6�rs]��co.b�}qrso2b�}Wrs��}2#
��_abqjlk|�arso , o2bqm o.�q��o.b�_a]a�7�cy	] 4Oo2o�_a]x� �%b�rsjl~^o.�s�x~^\^]a]|{|\c]4\c_ajlk|o.r�]aoM�	o.b�rs]a�co

%�]1!.\cka�i\c]|h o.ka��o.bq��� \c� }�o.] }�yc�so.b�rso2bqo.]$#���\c�a_xbqjlk ~ \c]x]|{|\c] o.r�]|tv]xwzycbq{|\^}�r�y	]a��wzo2]a� �
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%�mamxrs�s�x_a]a� � #"! ' %�t ' � h o2ka�so2bq�q�a\c��}qo.]

}qo.b � _ \c��r�{|o2kab�w \cjlk��co.b/) o.]x�ao.]�#$4Oo.o _a]a� �%bqr�jl~co2�s�	��jlka� \c�co.] \c�s�O{|\J6 rs{|\c�so+%�] ! \cka�
wzo2ka�so2bqm o.k \ w }�o2}qo.b ' � \c� }�o.]

j = 2
�cy	b #p��r�o.�qo 
�� }�rs{4rso2bq_a]x�4o2bqk10ckn}��ao.] %�_xw )%\c]a�

�xbqy�tv]xwzy	b�{ \ }�rsyc]a��wzo2]a��}qo.bU]`_xb �	o.b�rs]a�1#9��\ w .ab���}qo.r��c}��ar�o �$\ckabq��jlkao.r�]a�sr�jlka~co2r�}7o.b �
kxo.ma��rsjlk��

c
�ao.j2y �ar�o.b�o.] !2_�~&0	]a]xo.]�#x��\c�%m o.�xo._x}qo2}2� � \c���'{ \^] rs{ ' jlka]ar�}�},) o.]xrs�	o2b

tv] wzy	bq{|\^}�r�y	]a��wzo.]a��}�o.b _a]x� �qyc{|r }�3�\^}�b�r"6 rs]��co.b�}qrso2bq_a]a�co.] m o.b�o.jlka]xo.]N{�_a��� #e��o2b
~^y	{4�a�so }q}�o %�ma� \^_xwHr���}Wr�]�%��s�	ycbqr�}qka{�_a� ! mpo2�qjlkab�rso.m o.]$#
��o2b %����	y	bqr }�ka{7_a�9}qo.b�{|r�]arso2b�} o2b�wzy	���	bqo2rsjlk�� ) o.]a]

|z ⊕ ej ∗Q2| ≤ t
r���}2# � \^bq_a{

ej

� \^]a]��ao2b��	o2�q_ajlk�}qo h o.ka��o.b��co.~�}�ycb�r���}2� ) o.b��ao.] )Wr�be_x]a� ��o } !2}�o2} )%\c��]a�ckao.b�\c] �
��jlk \c_ao2]�# ' o2} ! }7{|\c]�w .ab

z = c ⊕ cJ ∗ Q2

_a]a�;w .ab
Q2 = G−1

J ∗ G
o.r�]��Ko.b�k �c��}

{|\c]�'
|(c ⊕ cJ ∗ Q2) ⊕ ej ∗ G−1

J ∗ G| ≤ tm1! ) #
|(c ⊕ cJ ∗ G−1

J ∗ G) ⊕ ej ∗ G−1
J ∗ G| ≤ t.��\

cJ = m ∗ GJ ⊕ eJ
rs��}2�ao2bqk �c� }W{ \^]

|c ⊕ (m ∗ GJ ⊕ eJ ) ∗ G−1
J ∗ G ⊕ ej ∗ G−1

J ∗ G| ≤ t.

�Ro.]x]${|\c]
m ∗ GJ

\c_a�U�ao2b7��� \^{|{4o.b !2rso2kn}U_a]x� \c]a��jlka�sr�o �	o2]a�
G−1

J ∗ G
\c_a���

~n�s\c{|{4o.b�}2� )Wrsbq� �ar�o ��]a�c�so.r�jlkn_a]a� !._�'
|c ⊕ m ∗ G ⊕ (eJ ⊕ ej) ∗ G−1

J ∗ G| ≤ t.
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� 	����<���
• k × n

%�o.]xo.b�\ }�y	b�{ \^}qbqr 6
G

•
�arso�{|\J6 rs{|\c�so %�]1!.\cka�K\c]uh o.kx�so.b�]

t
•
' jlkx� .a���qo.� }�o 6 }

c = m∗G⊕e
� ) y	m o.r

m
�ao2bH��� \^b�}�o 6`} _x]a�

e
o2rs] h o.ka��o.b��co.~�}�ycb

{4r�}
|e| ≤ t

r���}
•
�py	��r�}qr��	o2bMtv]�}�o.�co.b

j ≤ t� �<���������
•
� �s\cb�}qo 6`}

m

� I�� ��
 }qbq_ao ��B)'�ckx�so !._ w �c�s��rs�	o2�
J ⊆ {0, 1, . . . , n − 1}, |J | = k

Q1 = G−1
J

Q2 = Q1 ∗ G
z = c ⊕ cJ ∗ Q2	 B �

i = 0
}qy

j
��B

	 B � \c���so
ej
{4r�}

|ej| < i
��B

� 	
|z ⊕ ej ∗ Q2| ≤ t

��I�
�	
b�o2}�_xbq]

(cJ ⊕ ej) ∗ Q1
 	�� � 	

�	�� 	 B �


 	�� 	 B �

�	�� � I��
�



��\
c = m ∗ G ⊕ e

r���}W_a]a�
m ∗ G ⊕ m ∗ G = 0

wzyc�s�c}�'

|e ⊕ (eJ ⊕ ej) ∗ G−1
J ∗ G| ≤ t.

��]a�u� \c�Wo.b��	rsm }M�qr�jlk�!2_
|e| ≤ t,

w \c�s���
ej = eJ

#

���	�
��
 ��
������ � ���	����
�������
���� ��� �

��rso��a_xbqjlka��jlka]ar�}�}���rsjlkao�4K\c_xw !2o.r�} �xo.� %����	y	bqr }�ka{7_a�7k �^]a�c} ��}�\cbq~$� \ �	y	] \cm�� )Wr�o
)'\ckxbq�qjlkxo.rs]x�srsjlk4o.� r���}2��o2rs]ao 3uo.]a�	o

J
!2_ )%�cka��o.]��n�ar�oM{ \�6xr�{ \^�

j
hio2ka�so2bJo.]�}�ka�c��} #

� �Wo 6xr���}qrso.b�o.]urs]a���	o.�q\c{7}
(

n

k

)
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./��� B ������I � ��H � % t ' � %�mamabq_xjlk �v�9o.��}��e{4wzy	b�{�_a]a�
|e| ≤ t

�1) o.]x]
eJ = ej

rs��}2�a� \^]a]E�crs��}
|e ⊕ (eJ ⊕ ej) ∗ G−1

J ∗ G| ≤ t
|m ∗ G ⊕ e ⊕ m ∗ G ⊕ (eJ ⊕ ej) ∗ G−1

J ∗ G| ≤ t
�c� )

|c ⊕ m ∗ G ⊕ (eJ ⊕ ej) ∗ G−1
J ∗ G| ≤ t

�	� )
|c ⊕ (m ∗ GJ ⊕ eJ ⊕ ej) ∗ G−1

J ∗ G| ≤ t
�	� )

|c ⊕ (cJ ⊕ ej) ∗ G−1
J ∗ G| ≤ t

�	� )
|c ⊕ cJ ∗ G−1

J ∗ G ⊕ ej ∗ G−1
J ∗ G| ≤ t

�	� )
|c ⊕ cJ ∗ Q2 ⊕ ej ∗ Q2| ≤ t

�	� )
|z ⊕ ej ∗ Q2| ≤ t

3uo.]a�	o2]
J
{|r }

|J | = k
#i��r�o � \^ka� �ao2b43uo.]a�	o2]E{4r�}'o 6x\c~�}

i
h o2ka�so2bq]umpo }�b��^�c} '

(

t

i

)

∗

(

n − t

k − i

)

.

��\cb�\c_x��o2bq�	r�mx}W�qr�jlk��ar�o � \ckxbq�qjlkxo.rs]x�srsjlkx~co.r }eo.rs]xo 3uo.]a�	o
J
!._ )%�cka�so2]��i�arso�{|\ �

6 r�{ \c�
j
h o.ka��o.bMo2]n}qk �c� } !._�'

pj =
j
∑

i=0

(

t
i

)

∗
(

n−t
k−i

)

(

n
k

) .

��\^��mpo2�ao._x}qo2} � � \c����{ \^]0rs{ ' jlka]ar }q}
1/pj

3�\^}qbqr !2o.]
GJ

rs]��	o2b�}qrso.b�o.]�{�_x�q� �
_x{ o.b�wzy	�s�	b�o.r�jlk�!2_E��o.r�]�# � _a{ tv]��co.b�}qrso2bqo.]Eo.r�]ao.b

k × k
3�\^}qbqr"6)mpo2]10c}qrs�c}W{|\c]

k3
�� o.bq\^}�r�y	]ao.]$# ��o2b %�_xw )%\c]a�;_a{�wzo.��} !._x��}�o2�s��o.]�� ycm��ao.b�b�o.�q_x��}�r�o.b�o.]a�ao
k
�vmxr�} �%y �

�xo2�	o2~�}�y	b
cJ
{|\J6 rs{|\c�

j
h o.ka��o.bZo.]�}�k �^��}2�`�qo } ! }'�qr�jlk wzy	���	o.]a�xo.bq{|\��	o2] !2_a��\c{4{4o.]�#

��rso�� \cka�O�xo.beh o.ka��o.b��co.~�}�ycbqo.]
e
{4r�}'o.rs]xo.{ %�o )Wr�jlk�}�~n��o.rs]xo.bW\c���

j
m o2}�bq�c�c}

Nj =
j
∑

i=0

(

k

i

)

.

h".ab ��o.�ao2]�h o.ka��o.b��co.~�}�ycb ) o.b��ao.]
k
�%r }�y	� o.bq\^}�r�y	]ao.] �a_xbqjlka�	o w .akab�}2# %��s��y|{ .a�q��o.]

r�]a�q�co.��\^{7}
k ∗ Nj


�� o.bq\^}�r�y	]ao2] �abqy;��_ab�jlka��\c]x�;�x_abqjlka�co2w .akab�} )%o2bq�ao2]�# ' y	{4r�}
o2bqk �^��}W{|\c] \c�s�M�x_abqjlka��jlka]ar }q}���rsjlkaoC4K\c_xw !2o.r�}

Lj = α ∗ 1/pj ∗ (k3 + Nj ∗ k)

{4r�}'o.rs]xo.bM~n�so2rs]ao2]E�ey	]a��}l\c]�}�o
α
#
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h .abW�arsoUo 6 � o.b�rs{4o.]�}�o2�s�so2]E�9o.��}�� )W_abq�ao2]0w .ab ��o.�ao2�
m
w .a] w �	o2bq�qjlkxrso.�xo.]ao ' jlka� .a���

�qo.��� \	\cb�oW�	o.]ao2bqr�o.b�} #`��o.b�o.]
- \cb�\c{4o2}qo.bZo.]�}����abqo2jlkao.] �ao2] y	� }�rs{|\c��o.] -H\^b�\c{4o2}qo.bq]$�
�arso r�];� \cm o.���so � #"!4\c_xwz�	o w .akab�}U��rs]a��#K��rso.��o -H\cbq\c{|o }�o2bU��rs]a�;� \ckxrs]a�	o2kao.]x�Ry	� }�r �
{ \c� ��\c��� � \^�q� w .xb ��rsoe�arsoe�a_ab�jlka�qjlka]xr�}q}q�sr�jlkao�}qkao.y	b�o2}qrs�qjlkxo 4K\c_xw !2o.r�} �ao2� %�t ' � \c{
�	b 0 �^}�o.]4rs��}2#

P
m o !2o.r�jlka]ao2}%�arso �$\ckab��qjlkao2rs]a��rsjlka~^o.r�} ��� \c��� {|\c]4o.rs]4tv]xwzy	b�{ \ }�rsyc]a� �

wzo.]a��}�o.b {|r } )%o2]ars�co.b'\^�s�
j = 2

h o.ka��o.bq] )'�^ka��} # h".ab
m = 4

m1! ) #
m = 5

)%�cb�o��ao2b
mpo2��}�o �Ro.b�}Uw .xb

t = 1
�	o ) o.��o.]��9\c���so.b��ars]x�	���sr�o ����rsjlk !._;�arso2�qo.{�-H\cbq\c{|o }�o2bq��\ } !

~co.r�]aoC% o2]ao.bq\^}�ycbq{|\^}�b�r"6 o.b !2o._a�co.]�#
{ } ~ -

� d : ! f	f
�
� 5 ! 9 ! f	f
�
g � 5 � � � �
9 : 9 d 9 � !��
: ! 5 ! � d f � !��

� \cm o.�s��o � #"! 'ay	�x}qrs{|\c�so % t ' ��- \cb�\c{4o2}qo.b
��rso %�]1!.\cka� �ao2b �9o.��}��7r���} �ar�o % o2��\c{7} ! \ckx�Z�xo.b �a_ab�jlka�	o2w .xkab�}qo.] �9o.��}�� # 3Er }

��o.�ao2{ ' jlka� .x�q�qo2� )W_xbq�ao2] �	�so2rsjlk��`rso.��o , o.bq��_ajlkao|�a_abqjlkx�	o2w .akxb�}2# h .ab ��o2�ao.] �9o.��}
)W_abq�ao o2rs]ao�!2_xw �c�s��rs�)�co )%�cka��}qo ��� \cb�}�o 6`}q] \cjlkab�rsjlk�}

m
�	o2bq��jlka� .a���qo2��} _a]a�;�ao.b !._��

�	o.k10cbqrs�co ' jlka� .a���qo2��}�o 6`}
c
{|r }U�ao.{ %�t ' � %��s�	y	b�r�}qka{�_a� )Wr�o.�ao2b7�ao2j.y`�arso2b�}2#9��o2b

% t ' � %��s�	y	b�r�}qka{�_a� )W_xbq�aoWrs{4{4o.b {4r�}H�ao.{ - \cb�\^{|o }�o.b
j = 2

�a_ab�jlka�	o2w .xkab�} # �Jr �
]ao "�m o.b��qrsjlk�} .am o.bM�xrso�o2b !.r�o.� }�o.]��Jb��	o.ma]xrs�q��o �srso wzo.b�}'� \cmpo2�s��o � # d #a��rso 3Eo2�q�/) o.b�}�o
)W_abq�ao2]|w .ab

m ≤ 6
\c_ w 3Er��s�sr��qo2~`_x]a�ao.]4�	o2] \c_4�	o.b�_a]a�ao }2# h .ab �	b 0��	o.b�o

m
�qrs]x�|�ar�o

3Eo.���/) o.b�}qo�\c_ w ' o2~n_a]a�ao2]0�	o.b�_a]a�ao }2#
3E\c]$��rso.k�} �9�a\c�q�Uw .ab

m = 4
r�{ ' jlka]xr�}q} ]n_abU~`]a\c�a� d�tv]xwzy	b�{ \^}qrsy	]x��wzo.]x��}�o2b

mpo2bqo.jlkx]ao2} ) o.b��ao.]�{ .x�q�qo2]�#��erso2bqm o.rKrs��}��ar�o �%k \^]aj.o�! f	f
� �i� \c�q��o.rs]Etv]xwzy	b�{ \^}qr �
y	]a��wzo2]a��}qo.b .am o.bJ{|\J6 rs{|\c�

j
h o.kx�so.b �	o.b�w .a�c} #���\c� m o.�ao2_x}�o }2��� \c���Jj.r�bqj \��xrso ���^��w }�o

�ao.bW�	o )'�ckx��}�o2]Etv] wzy	bq{|\^}�r�y	]a��wzo.]a��}�o.b%]arsjlk�}ers]��	o2b�}qrso.b�m \cb )%\cbqo2]�#
%�_ajlk�w .ab

m = 5
r���}��arso �Jb�wzy	�s�	� )'\^kabq��jlkao.r�]a�sr�jlka~co2r�}G! f	f
� � ) o.]x];�a\c��tv]xwzy	b��

{ \^}qrsy	]x��wzo.]x��}�o2b�rs]��co.b�}qrso2bqm \cb r���} # ��r�o.� rs��} rs{ ' jlka]ar }q} m o.r ��o2�ao.{ �abqr }q}�o2] \c_ajlk
�ao.bZhi\c�s� #ctv{ ) o.r }�o2bqo.]�, o.b�� \c_xw w �c����} �xrso � \^kabq��jlkao.r�]a�sr�jlka~co2r�}Z�ab�\^��}�r��qjlk��no2rs] tv]xwzy	b��
{ \^}qrsy	]x��wzo.]x��}�o2bM{|r }'{|\J6 rs{|\c�

j
h o.ka��o.bq] !2_Eo2bqk \c� }�o2]�#

��\ \c]a�	o2]ay	{4{|o2]() o.bq�xo.]�~ \c]a]�� � \c�q� �arso 49\^_xw !.o2r�}|o 6 �pyc]ao.]�}�r�o.�����	o2bq�s�c_xw }2�
rs��}��arso !2_a�	o2k10	bqr��	o�h _a]a~�}qrsy	] �cy	] �ao.b h y	b�{

f(x) = eg(x) # g(x)
rs��} \c�s��o.bq�xrs]a�	�

_a]nmpo2~^\^]a]�}2# %��s� %�bqm o.r }��qk��`� yc}�kao2�qo )Wrsb�� \c]a�co.]ay	{4{4o.]�� � \c���
g(x)

o2]�} )%o2�ao.bZo.r�]ao
�srs]xo \cb�oUy`�ao2b�o2rs]ao � _ \c�abq\^}�r��qjlkao7hi_x]a~�}�rsyc]Er���}2# �e{

g(x)
] �ckao2b4!._�_a]�}�o.b��q_ajlkxo.]��

mpo }�b�\^jlkn}qo.]�)WrsbM]n_a]u�ao.]u] \^} .abq��rsjlkao2] 4Oy	�	\cbqr }�ka{�_x�'�ao.b 4K\c_xw !2o.r }�o.]$#
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%�] ! \cka�O�xo.bW� o2��}q� � fcf	f � f	f	f � f	f	f � fcf
4K\c_xw !2o.r�} 
 ��_ab�jlka�qjlka]xr�}q} � ! � d^{4� ! : � d^{|� f � g*2 : � g � � � �
tv]xwzy	b�{ \ }�rsyc]a��wzo2]a��}qo.b ! � 2 5 �"! 9 � 9 � � � 9
3Eo2�ar \c] f^� ! fc{4� f � � � � � � � � �
� � � ��_ \^]n}qrs� f^� fc� 5 fc{4� � � 5 �
! f
� � ��_a\c]�}�rs� f^� fc� � fc{4� 9 � 9 �
�Mkao2y	bqo }�rs��jlkaoC49\^_xw !.o2r�}

4, 7 ∗ 103 5, 0 ∗ 104 1, 6 ∗ 106 4, 2 ∗ 108

�H\cm o.���so � # d ' % t ' � �Jbq�	o2ma]ar��q�qo

� _a]a�cjlka��} )%o2bq�ao2] hi_x]a~�}�rsyc]ao.]�w .abE�a\c� � � � ��_a\c]�}�rs�
q5(x)

_a]a� �a\c� ! f � �
��_ \^]n}qrs�

q10(x)
o.b�{|r }q}�o2��} # ' rsoZ�ar�o.]ao2]�\c���"%�ma�qjlk � } !._x]a���ao2b 4K\c_xw !2o.r�} ] \cjlk7_a]�}�o.]$#

�Ro.]x]u{|\c]��ar�o.��o�� o.r�}M\c_xw ) o.]a�ao }2� ~ \c]a] {|\c] � � m1! ) ! f
� �ao.b'�co.b��qjlka� .a�q��o.��}qo.]
��\cjlkab�rsjlk�}�o2]0rs]E�arso2�qo.b � o.r }e�ao.j2y �ar�o.b�o.]�#ph .ab

m = 4
_a]x�

m = 5
~^y	]a]�}�o2]�\c�s��o.b �

�xrs]a�	��~co.r�]ao �Ro.b�}�o rs]��arso � o.bqo2jlka]n_a]a�u{|r }�o2rs]a�co.kao2]�� � \ �xo.b�] \^} .abq��rsjlkao54Oy	��\ �
b�r�}qka{�_a�H�cy	] ��_a���x]ar�jlkn} �xo�
 ]ar�o.b�} rs��} #	��r�o 4K\c_xw !.o2r�}qo.] �qr�]a� ] \^} .abq��rsjlk ]ar�jlkn} o 6x\c~�}
�e_a�s� � \cm o.b �ar�o 3Eo.���q�	o2] \c_ar��	~co2r�}U�sr�o.�c}�mpo2r

10
{|� _a]x� �Ro.b�}�o � \cb�_a]�}�o.b ) o.b��ao.]

{4r�}|o.r�]ao.b�49\^_xw !.o2r�})�cy	]
0
{|�|bqo2�	rs��}�bqr�o.b�}2# ��\c�a_ab�jlk ~ 0	]a]ao2]��arso2�qo 3Eo2�q�/) o.b�}�o

]xrsjlk�} )%o2r�}�o2bM�	o.bq\cbqm o.r }�o } )%o2bq�ao2]�#
h .xb

m = 8
r���} �ar�o��a_ab�jlka�qjlka]xr�}q}q�sr�jlkao 4K\c_ w !.o.r } !._ kay`jlk��J_a{ \c_x�qbqo2rsjlkao2]a�

3uo.�q� )%o2b�}qo�!2_ o2b !.r�o.��o.]�#H��o.��k \c�sm*)W_ab��ao.] ! f	fE� o2��}�� {4r�}
m = 8

] \^jlk ��o )%o2rs���
d^f 3Er�]`_ }�o.] \cma�	o2mabqy`jlkao2]�� w \c���s� ��rsou]ay jlk ]arsjlk�}|o.b�wzyc�s�	b�o.rsjlk �ao2j.y`�arso2b�}|k \^}q}qo.]�#
��\c�a_ab�jlkE��rso � �qr�jlk
!._a{4rs]a�xo.��}Wo2rs] �Ro.b�}Mw .ab'� \^� � � � ��_ \c]�}qrs� o.bq{4r�}�}�o2�s]�# �J�M�srso2�c}
m o.r�! g 3Er�]n_x}�o2]�# ' y	{4r�} ��}�o.kxo.] !2_ab � 6`}qb�\c� y	� \ }�rsyc] �ao.� � � � ��_ \c]�}qrs�s� 5 3Eo2�q���
�x_a]a~�}�o�!2_ab�, o.b�w .a�	_a]a� � w .ab)�a\c� ! f
� � ��_ \^]n}qrs�e]n_ab��ao.b�o.] ! ) o.r # %��s��h _a]a~�}qrsy �
]xo.]"w .ab)�ar�o ��_ \c]�}�r��soEo.bqka�c��}�{|\c]&�a\c]a]

q10(x) = 5, 06581x − 33, 5481
_a]a�

q5(x) = 4, 97097x − 33, 3324
#

tv] � \cm o.�s��o � # 5 ��rso2kn}�{ \c]$�+)Wr�o �qr�jlk �ao.b , o.b�� \c_xwW�xo.b ��_ \c]�}qrs�so w .ab �	b 0 �co.bqo
' jlka� .a���qo2�9o2]�} )Wrsjl~co2��} #
��\^{|r } %�_x�qbqo2r �	o2bq]"] \^jlk"_a]�}�o.]�y`�ao.b y	mpo2]"mpo2r��ao2] 3Eo.���/) o.b�}�o.] ~co2rs]ao���y

�cbqy �	o �%o2�ao._ }�_a]a��mpo2rs�	o2{|o2�q�qo2] )Wr�bq��� m o.��}�rs{4{7}K{|\c]U�ao.] � b )'\^b�}�_x]a�	�/) o.b�}J]ar�jlkn}
\^�s� \cb�r�}�kx{|o }�rs��jlkao.� 3Er }q}qo.� � �qy	]a�xo.bq] .am o.bU�ao.] 3Eo2�ar \c]$#K��rso �sr�]ao \^bqo ' jlk � } !._x]a�
w .xb9�xo.] 3Eo2�ar \^] o2bq�	r�mx}

ml(x) = 4, 20075x−25, 7403
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Ĝ
o.b/!.o2_a�c}�o2] ��rs]ao.\cbqo2] �%y �ao2� mpo �

��}�r�{|{7} #i��\cm o.rKk \c]x�ao.� }�o2���qr�jlk0_a{
e
#p��o.]x]�\c�s��o��	y	]

G
�co.]ao2bqrso2b�}qo.]��%y`�ao ),0	b��

}qo.b
g
k \cm o.]"o.r�]ao.] {|r�]ars{|\c�so2]*%�ma��}l\c]x�&�	y	]

2t + 1
_a]a�&��y	{4r�}|o.rs] % o )Wrsjlk�}

|g| ≥ 2t+1
#n��\c� %�o )Wr�jlk�} �cy	]

e
kxrs]a�	o2�	o.]|mpo }�bq�c�c}

|e| ≤ t
#
e
r���}Z�9o.rs�i�ao2�Z�cy	]
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)Wr�b4)Wrso7mpo2rs{ % t ' � %��s�	y	b�r�}qka{�_a�e�arso %�]1!.\cka� �ao2b�t }�o2b�\^}qrsy	]ao2]�mars�4!._a{ � b�wzy	�s�
\^ma�qjlk � } !.o2]R��y )Wrso �ao2] %�_xw )%\c]a�;�abqy�t }qo.b�\ }�rsyc]�# ��r�o 4K\c_xw !2o.r�}�o.bq�crsmx}���rsjlk�� \c]x]
\^_a�W�ao.{�-Jb�y �a_x~n}e�ar�o.��o.bWmpo2rs�ao2]���o2]a]1! \^ka�so2]�#

$ 
&%7	�������B?	�� ��r�o�h _a]a~�}�r�y	]
Pr(a = b | c)

�	r�mx} �ar�o �$\ckabq��jlkao.r�]a�sr�jlka~co2r�} \^]��
�a\c�q�W�ar�o ,Z\^bqr \^ma�so

a
�ao2] �Ro.b�}

b
_a]�}�o.bW�ao2b �%o.�ar�]a�	_a]x�

c
\^]a]ars{4{7} #
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./�
� B �J����I � ��H - r�}qo.bq\^}�r �	o�tv]xwzy	b�{ \ }�rsyc]a��wzo2]a��}qo.b
� 	����<���
•
\c~�}�_ao2�s�so2�Mtv]xwzy	b�{ \^}qrsy	]x��wzo.]x��}�o2b

I
•
' � \c� }�o.]xrs]a�ao 6

p ∈ I
\c_x�e�xo.{�\c~�}�_xo.�s��o.]�tv]xwzycbq{|\^}�r�y	]a��wzo2]a��}qo.b

•
' � \c� }�o.]xrs]a�ao 6

q 6∈ I
� �ao2bO]arsjlk�}+!._x{N\c~�}�_ao2�s��o.] tv]xwzy	b�{ \^}qrsy	]x��wzo.]x��}�o2bO�	o.k 0	b�} �

{4r�}
Zpq = 1� �<���������

•
]ao._ao2��tv] wzy	bq{|\^}�r�y	]a��wzo.]a��}�o.b

I ′

Z ′ = Z
∀i ∈ I

′

\{p}, ∀j ∈ N\(I
′

∪ {q}) z
′

ij = zij ⊕ zip ∗ zqj

∀i ∈ I
′

\{p} z
′

iq = zip

�e{��ar�o %�] ! \cka�x�ao.bJ]10^}�rs�co.] t }�o2b�\^}qrsy	]xo.] \cm1!2_a�qjlka�^} !2o.]��n{4y �ao2�s��rso.b�}9{ \c] �xo.]
%��s�cy	bqr }�ka{�_x�'\c���M��}l\ }�rsyc] �cbqo 3E\cbq~^y �u��o }q}�o

{Xi}i∈N

� � � #i��\cm o.rOrs��}
Xi

o2rs]ao�� _��
w \c�s�����^\cbqrs\cma��o&� �ar�oM�arso

i
� }qoMt }�o.bq\^}�r�y	] �ao.� %��s�	y	b�r�}qka{�_a� bqo.�xb��c��o.]�}�r�o.b�} #���r�o 3�\cbq~^y �

� o }q}qoe~ \c]x]|{|\c] �qr�jlk)\c���Jo.]a�a��rsjlkao2]�%�_x}�yc{ \^}qo.] �	ycbq��}qo.���so.]$#n��o.b "�m o.b���\c]a� �	y	{
� _a��}�\c]a�

Xn

!._a{ � _a��}�\c]a�
Xn+1

k �c]x�c} ]n_ab �	y	{ � _a��}�\c]a�
Xn

\cm _a]a�4]ar�jlkn}J�cy	]
�	y	b�kao.b�rs�	o2]
� _a��}l�c]x�ao.]�'

Pr(Xn+1 = x |X0, X1, X2, . . . , Xn) = Pr(Xn+1 = x |Xn).

tv��}�{|\c]$\c�s��y�rs]Ro.r�]ao.{ � _a��}l\c]a�
x
!._a{ � o.r }��a_x]a~�}

n
�9� \c]x] k �c]a�^}��ar�o �$\ckab��

�qjlkao2rs]a��rsjlka~^o.r�} !2_a{ � o2r�}q�a_a]a~�}
n + 1

r�{ � _a��}l\c]x�
y
!._���o.rs]�]n_ab��	yc{ � _a��}l\c]a�

x
\^m�#��Jrs]�o.]a�a��rsjlkao2b %�_ }�y	{|\^}�m o.��r�} !2}�o2rs]ao o.]a�a��rsjlkao�3Eo.]a�co

E
\^�s�so2b�{ 0	�	��rsjlkao2]

� _a��}��c]a�ao # ��rso 3Eo.]a�co
S
m o.�qjlkxbqo.r�mx}��xrso�3Eo.]x�	o)\c���so��Jb�wzyc�s�	�/!._a��}l�c]a�xo|_a]x�$�ar�o

3Eo.]a�co
F = E\S

r���}��xrso�3uo.]a�	o �xo.b h o.ka��o.b/!._a��}l�c]a�xo&#$%�]��ao.b � \c]�}qo ! )Wr��qjlkao2]
! ) o.r � _a��}l�c]a�xo.] �ao.� %�_x}�y	{|\^}qo.] ��}qo.k�}4�arso � \ckxbq�qjlkxo.rs]x�srsjlkx~co.r } w .ab�o2rs]ao2] � _��
��}l\^]a�a� .xmpo2bq��\c]x� ! )Wrs�qjlkxo.])�ar�o.��o.] � _a��}��c]a�ao2]�#n��rso2�qo�� \^kabq��jlkao.r�]a�sr�jlka~co2r�}�o2] ) o.b��
�ao.] rs]7�ao.b � _a��}l\c]x�a� .am o.b���\c]a�c�q{|\^}�b�r"6

P
!2_a��\c{4{4o.]a�	o w \c�q��}2# �Jr�]�� ��o.{4o.]�}

(u, v)�ao.b 3�\ }�bqr 6)��}�o2�s��}%�arso � \ckxbq�qjlkxo.rs]x�srsjlkx~co.r }W� \cb � �	yc{ � _a��}l\c]a�
u
rs]��ao2] � _a��}�\c]a�

v
!._�) o.jlkx�qo.��]�#O��\^b�\c_a�Wwzy	���c}2� � \^�q� ��o2�ao.b �Jrs]�}�bq\c�|�xo.b 3E\^}�b�r"6u]ar�jlk�}�]ao2��\^}qr�� rs��}
_a]a� �xrso ' _a{4{4o.bZ\c�s��o.b �Jr�]n}qb��c�coer�]|o2rs]ao2b ' � \c� }�oWy �xo.b � o.r��soM�	o2] \c_

1
o2bq�	r�mx}2# ��r�o

�arso��	o2] \c_ao2]��Jr�]n}qb��c�co��ao.b 3�\^}qbqr 6�� \^_x}�o2]��a~ \c]a]u{ \^]ur�] � g � ] \cjlka��o.�qo2]�#
��rso 3�\^bq~cy �)� o }q}qo�rs��}'� \c]x]��a_abqjlk r�kabqo ' }l\cb�}q�co.b�}qo.r��s_a]a�

π0
�a\c_xwz�cbq_a]a���xo.bqo2b

{ \c]�r�] �ao.]uo.b���}�o2] � _a��}l\c]x�E�	o2� \c]x�c}2� _a]a�urskab�o "empo2bq��\^]a�	�q{|\^}qbqr"6
P
{4r�}

Pr(Xi = u|Xi−1 = v) = Pv,u ∀i, ∀(u, v) ∈ E

�	y	���s��}��c]a�ar���m o.��}qrs{4{7}2#
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LI

10001 1001

00110 1001

10111 0000

1

N \ { I + L }

}
(t - 2p) Einsen

λ

2λ

1λ 2λ+ }

2p Einsen

%�mamars���a_a]a� � # 5 ' ' }�o.b�] �8% ' 4Ors]ao.\cbq~^y	{�mar�] \^}�r�y	]ao2]

$ 
&%7	�������B?	 � �Jrs]ao�3E\cbq~^y �`��jlkao 3E\^}�b�r"6
(Pu,v)

{4r�}
(u, v) ∈ E

mpo2��}qo.k�}|\c_a�
�J��o.{4o.]�}�o2]

Pu,v ≥ 0
_a]a� ∑

v∈E Pu,v = 1
w .xb�\^�s�so

u ∈ E
#

��r�o
i
� }�o�t }qo.b�\ }�rsyc]��ao.� %��s�	y	b�r�}qka{�_a� )Wrsb���� \c]a]��a_ab�jlkR�xrso �$\ckab��qjlkao2rs]a��rsjlk �

~^o.r }����co.b�}�o.r��s_a]x�
πi

m o.�qjlkxbqrso2mpo2]�'
∀u ∈ E . πi(u) = Pr(Xi = u)

_a]a� ∑
u∈E

πi(u) = 1.

' o.rx]n_a]
Q = (Pu,v)u,v∈F

�arso �q_amx��}�y`jlk \c��}�r��qjlkao 3�\ }�bqr 6 �^�ar�o%{4r�}9�ao2]�"�m o.bq�	�c]a�	o2]
�xo.b 3E\cbq~^y � ��o2}�}�oers] �xo.] � )Wr��qjlkao2]1!._a��}l�c]x�ao.] ~cycbqbqo2�q� y	]a�ar�o.b�}2�`� \c]a])ka\^}

(Id−
Q)
o.r�]ao�tv]��	o2bq�qo

R
'

R =
∞
∑

m=0

Qm = (Id − Q)−1.

��\c]a]uo.bq�crsmx}W��rsjlku�arso %�]1! \ckx�O�ao.bWo.b )'\^b�}�o }�o2]�t }�o2b�\^}qrsy	]xo.]
N
\c_a� '

N =
∑

u∈F

π0(u) ∗
∑

v∈F

Ri,v.

tv] ��o2�ao.bZt }�o2b�\^}qrsy	] )Wrsb�� !2_a] �cjlka��}Mo.r�]a{|\c� o.r�]|]ao2_ao.�%tv]xwzy	bq{|\^}qrsy	]a��wzo.]a��}�o2bZm o �
��}�r�{|{7} # �Ro.]x] {|\c] \c]a]xrs{4{7}2�9� \c���4r�] �ao.b

q
� }qo.] ' � \c� }�o

k/2
�Jrs]a��o.] ��}qo.kao2]��

{7_a�q� {|\c]�!._
k/2

� o2rs��o.]��ar�o
p
� }qo � o.rs��o7kar�]1!._a\c�a�ar�o.bqo2]�#K��\

G = (idk|Z)
o.rs]xo

���`��}�o2{ \ }�rs��jlkao 3�\^}�b�r"6)ma�so2rsmx} �x{�_a���W{ \c] ]n_abWrs{
Z
� � o2rs� �cy	]

G
�arso %M�a�xr�}�r�y	]ao2]

�x_abqjlkxw .xkabqo2]�# ��\c�eo.bq�crsmx}
k/2 ∗ (n − k)

�%r�}qy	�po2b�\^}qrsy	]xo.]�#
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p

p q









1 0 x

1 1

0 x

. .

. .

. .

0 1 x









−→

p

p q









1 x 0

1 1

x 0

. .

. .

. .

x 1 0









%�mamar��s�a_x]a� � # � 'a�ar�jlkn}qo tv]xwzy	bq{|\^}qrsy	]a��wzo.]a��}�o2b

h".ab �arso ' � o.rsjlkxo.bq_x]a���ao2b54Or�]ao \cb�~cy	{7mars] \ }�rsyc]ao.];\c_a�
ZI1

]xrs{4{7}�{|\c]
K ∗

(p ∗
(

k/2
p

)

+ 2l)
�x�`] \^{|r��qjlkao ' � o.r�jlkao.bq\c�s��y	~ \^}�r�y	]ao2]��	y	b #

K
r���} �ar�o�% b/0 �	o�o2rs]ao2�

�$y	b�}�o2� 
z{|o2rs��} 5 d�y �xo.beg � � #
�e{ o2rs]ao 4Ors]ao.\cbq~^y	{�mar�] \^}�r�y	] !._ m o.bqo2jlka]ao2]��Hw \c���so.]

2 ∗ p

��po2b�\^}qrsy	]ao2] \c_xw

l
� mar�} � 0	b�}�o.b�]�\c]�# tv]a���	o.�q\c{7}��	r�mx}�o.� ��o )%o2rs��� (k/2

p

) �co.bq��jlkarso2�ao.]xo 4Kr�]ao \^bq~cyc{�mar �
] \^}�r�y	]ao2]�rs]

ZI1

_x]a�
ZI2

#ch".ab �ao2bqo.] �%o2bqo2jlka]n_a]a� mpo2]10c}qrs�c}H{ \c]�\c�s��y
2∗p∗

(

k/2
p

)


�� o.bq\^}�r�y	]ao2]�#
�Ro.]x] ! ) o.r 4Or�]ao \cb�~cy	{7mars] \ }�rsyc]ao.] rs]

L
.am o.bqo2rs]a��}�r�{|{4o.]�� m o.b�o.jlka]ao }�{|\c]

(2p− 1)
%M�a�ar�}qrsy	]xo.] _x]a��o.r�]ao4��\c{4{|r�]a�7��rs��}�\c]1!�o.rs]xo.�

(n− k− l)
�vmar } �Ry	b�}qo.� #

tv{ ' jlka]ar }q}W�	r�mx}Wo.�
(

k/2
p

)2

2l�qy	��jlkao.be��yc�s�sr��qr�y	]ao.]$#
' y	{|r } o.b��	rsm } �qrsjlk �ao2b �	o.�q\c{7}�o �a_xbqjlka��jlka]ar�}�}���rsjlkao�%�_xw )%\c]a� �ab�y;t }qo.bq\^}�r�y	]

!._�'

J =
k ∗ (n − k)

2
+ 2pl ∗

(

k/2

p

)

+ 2p(n− k − l) ∗

(

k/2
p

)2

2l
+ K(p ∗

(

k/2

p

)

+ 2l).

��� 
 ��� ����� � � ��� ��� ���
	�	�� � �

 ��� ��� �

h .abZ�arso 49\^_xw !.o2r�}�o2bq{4r�}�}��s_x]a� �ao.� ' }�o.b�] %����	y	b�r�}�kx{�_a� )W_abq�xo.] �arsoe�qo2�sm o.] ' jlka� .a���
�qo.� )Wrso \c_ajlk w .abH�ao2] %�t ' � �	o2b/) o.]a�xo2}2#	��o.b�o.]��Jrs�	o2]a�qjlka\^w }�o2]�_a]a���xrsoZy	�x}�r�{ \^�so.]
�$o2b�}�o�w .ab

p
_a]x�

l
~ \c]x]u{|\c] � \cmpo2�s��o � # � o2]�}�]ao2ka{|o2]�#

��rso o.b/!.r�o.��}qo.] �Jbq�	o2ma]ar��q�qo �s\c�q��o.]��qr�jlkRr�]��H\cm o.���so � # � \cma��o.��o.]�#Otv{#, o.bq�c�so.r�jlk
!._a{ %�t ' � w �^�s��}�\c_xw �K� \c���Uw .ab

m ≤ 7
�ao2b ' }qo.b�] %����	y	b�r�}�kx{�_a��{4o.kab tv]xwzy	b�{ \ �

}�rsyc]a��wzo2]a��}qo.bMm o.]10c}qrs�c} #a��r�o.�Wk �c]x�c}W� \c{4r�} !._a�q\c{|{4o.]$�a� \c���Ww .xb'� r�o.��o�tv]xwzy	b�{ \^}qr �
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 5&5
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� ! g : d ! !
� 5 d ! 9 5 ! 5
g g � 5 � � ! �

9 ! d : 9 d : ! �
: d � g ! � 5 ! 5 ! 9

�H\cm o.���so � # � ' ' }�o.b�]Eyc�x}�r�{ \c��o - \cb�\c{4o2}qo.b
yc]a��wzo2]a��}qo.b7~^o.r�]ao 4Or�]ao \cb�~cy	{7mars] \ }�rsyc]ao.]��	o wz_a]a�ao2] ) o.bq�xo.] ~^y	]a]�}�o2]�� �xrso rs]��ao2b
L
� 3Eo2]a�	o .am o.b�o.rs]x��}�r�{|{4o.]$�cy	m ) y	ka� � \c�Jtv] wzy	bq{|\^}�r�y	]a��wzo.]a��}�o.b")%o2]ars�	o2b \c�s�

j
h o.k��

��o.b o2]�}�k �c� }2#	�9bqy^} !.�xo.{Xr���} �ao2b ' }�o2bq] %��s�cy	bqr }�ka{�_x�H�qjlkx]ao.���so.b \^�s�J�ao2b % t ' � �&)%o2]a]
{|\c]4�ao.]
3Eo.�ars\c] �xo.b 4K\c_ w !.o.r }�o2] m o2}�bq\cjlk�}�o }2# ��o.b �$o2�cw \c�s� �xo.� % \c_a��� %��s�	y	b�r�}qk �
{7_a�W{ \cjlk�}W��rsjlk wzy	�s�	��rsjlk)� y	��r�}�r � m o.{4o.b�~nm \cb #
{ � � g 9 :
%�]1! \ckx�O�ao.bW�9o.��}q� � f	f	f � f	f	f � f	f	f � f	fcf � f
�a_xbqjlka��jlka]ar�}�}���rsjlkao 4K\c_xw !2o.r�} ! � ! {4� � � d {4� � � {4� 5 � 9 � 5 d�{4rs]
tv]xwzycbq{|\^}�r�y	]a��wzo2]a��}qo.b ! f � g 2 � ! d � d 9$: ! 9 � � f
3Eo2�ar \^] f � f � 5 f {4� d � � � d 5 �"!U{4rs]
� � � ��_a\c]�}�rs� f � f � ! f {4� ! d^f�{|� � � �
! f � � ��_ \c]�}�r�� f � f � ! f {4� dcgcf�{|� 9 � �
�Mkao2y	bqo }�r��qjlkaoC4K\c_xw !.o2r�}

3 ∗ 103 6 ∗ 103 3 ∗ 105 5 ∗ 106 1 ∗ 108

� \cm o.���so � # � ' ' }qo.b�]��Jbq�co.ma]ar��q��o
%��s�)_a]�}qo.bqo ' jlkab�\c]x~co.]�w .ab)�xrso 4K\c_ w !.o.r }��ar�o.]ao2]�\c_ajlk"kar�o.b)� \^� ! f
� � _x]a�

� � � ��_ \c]�}�r�� # �%o2rs{ ' }�o2bq] %��s�	ycbqr�}qka{�_a� w \c���so.];o.m o.] w \c�s��� �ar�o �Ro.b�}�o w .xb
m = 4_x]a�

m = 5
�ao2]*3Eo2�q�q_x]a�	o.]a\c_ars�c~co.r }�o2] !._a{ 
��xwzo2b _a]a�$~ 0	]a]ao2] ]ar�jlkn}Um o.rJ�ao2b

�76`}�bq\c� y	� \^}qrsy	]0�co.b )%o2]a�ao2} )%o2bq�ao2]�#H��rso � _ \c�abq\^}�r��qjlkao2] h y	bq{4o.]�w .ab �ar�o mpo2rs�ao2]
��_ \^]n}qrs��oM�qjlkao2rs]ao2])]arsjlk�} �ao.b �Wo \c��r�}l� } !._|o.]�}����abqo2jlkao.]��x� \ ��rsoW�qjlkayc])mpo2r

m = 10
 � � � ��_ \c]�}qrs� �Om1! )
m = 12


 ! f
� � ��_ \^]n}qrs� �K�ao2] �srs]xo \cbH\c�s�J\^_ajlk �ao.] � _ \c�abq\^}�r��qjlk
o 6`}�b�\^�py	��rso2b�}�o2] 3Eo2�ar \c] ) o.b�}�~n� \cb�.ampo2bq��}�o.r��	o.]$# %����)h y	b�{|o2�s] w .xb �ar�o���_ \c]�}�r��so
o2bqk �^��} {|\c]��xrso%��rs]ao.\cbqo2] h _a]a~�}�r�y	]ao2]

q10(x) = 4, 45462x−31, 7317
_a]a�

q5(x) =
4, 29708x − 30, 9917

# h .ab|�ao.] 3uo.�ars\c]&o.b�k �c� }){|\c] �ar�o�m o.r��ao.] %��so2rsjlkn_a]a�co.]
ml(x) = 5, 37109x− 36, 0492

_a]a�
mq(x) = 0, 94824x2 − 7, 90427x + 9, 78243

#
�$\c�)� \^� w .ab �xrso 4K\c_ w !.o.r }�o2]&�ao.� ' }�o2bq] � % ' %��s�	ycbqr�}qka{�_a�4m o.re�	b 0 �co.bqo2]
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\c]��Z_a{ �arso2�qo

!2_����`��}qo.{|\^}�r��qr�o.bqo2]�� o2bqk �^��}�{|\c]
G = (idk|R) ∗ P

# hi\c���s�e{ \^]0� \&!2_ ' � \c� }�o.]�r�]
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d � 2	g 5$: � � ! � f 9 � ! � ! d �
d^g ! 9$: ! 2 dcd 5 dcg dcd � 5 g
d 9 d$2�d 5 d � � 5&5 g � � 5&5 9 � �

d : � 5 � g	f � � � ! g �&5 � ! 9 : 5
d�2 � 2 ! g*2 � � : f*2�d � : ! f ! 5 f
5 f 9 � f : d � � ! d�2	g�d � ! d�2 9 dcf :

�H\^mpo2�s�so � # ! f '1%�] ! \cka�O�xo.b , o.~�}�ycbqo.]E�ao.�W�a_a\c�so2] �e\c_a{4�'w .abW{�� 9
% o )Wrsjlk�} �9o.��}�� �Jb�wzy	�s�	� � _ayc}�o

! g ! f	f ! � f
�
! 9 � f	f f � 5 �
! : ! � fcf f � d �
! 2 d$2	fcf f �"!��
dcf 5 f	fcf f �"!��
d ! 5 f	fcf f � � �
d	d 5 f	fcf ! �"!��
d 5 5 f	fcf ! � g
�
d � 5 f	fcf ! � 5 �
d � 5 f	fcf ! � f
�
dcg 5 f	fcf f � : �
d 9 5 f	fcf f �"!��
d : 5 f	fcf f � d �
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!._xw .akxbqo.]x�ao.]�%�]a�	bqr�� o # %��s� %�_x�q��\cm o7o2bqk �^��}�{ \c]uw .ab ��o2�ao.] %�]a�	b�r��;o.r�]aoU�qy	��jlkao
� o.rs��o '



� � � �	� ���
����� � � � ���
� � 2

hHrs��o�{ 9 
^{ 9 } : � ! fcf	g # �a_ama��rsj&# k!�Wkidcf }�r�{|o 'af ��}l\ }�_a� 'aw \crs��o.�
' rso�m o.r�]ak \c� }�o2}�� \c���co.b/) o.]x�ao2}qo ����� � % � � �ar�o 4K\c_xw !2o.r�}�rs] ' o2~`_x]a�ao.]R_a]a��y	m�� \^�
��o.j.y`�ar�o.bqo2]E�co.~n� \c�x�x}Wk \^} 
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 � � � -J� :$: � 4 ��� ' 5 5 f �J�a��# ! 9 � �
d : f � ! 2 :*:

� 5



� � � � �
��� �����
� ��������������������


�"! f � � # [ # 3Ej � ��rso2j.o ' % -J_amx�srsj � ��o2� �%b��`�x}qy	���`��}qo.{ �'\c��o.� 
�]�%��s�	o2mab�\^rsjM�%y`�ar�]a�
�Mkao.y	b�� tv]�'i� ' � -Jbqyc�	bqo2�q� �eo2�py	b�} � d � � � � !32 9$:

�"!*! � % � k$# %��O[	\cmabqr ' % �eo ) �%� \c��� 
�w"%'}�}l\cjl~n� 
�]�3Ej �J�sr�o.j2o -J_ama�sr�j �v� o � %�]a�
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