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Abstra
tThe se
urity of latti
e-based 
ryptosystems is based on mathemati
alproblems whi
h are hard to solve, unless one has some additional infor-mation. Short and nearly orthogonal basis ve
tors 
omputed by basisredu
tion algorithms represent the kind of spe
ial information that makesome hard mathemati
al latti
e problems easy to 
ompute. The mostfamous algorithm for redu
ing latti
e bases is the so-
alled LLL algo-rithm by Lenstra, Lenstra, and Lovász, whi
h outputs short ve
tors withsize exponential in the latti
e dimension [LLL82℄. (Un)fortunately thisalgorithm �nds far shorter ve
tors in pra
ti
e than the latest theoreti
albounds predi
t for the worst 
ase. The estimation of these bounds is a
ru
ial question for todays se
urity assumptions. In the meantime, someideas have 
ome up in the 
hallenge of �nding average 
ase bounds whi
hsigni�
antly meet the pra
ti
al results. In this paper, we will follow theidea from S
hneider et al. [SLB09℄ where the Gram-S
hmidt 
oe�
ientsare assumed to be randomly distributed in a 
ertain manner. We will givea theoreti
al analysis of the probabilisti
 behaviour of the Gram-S
hmidt
oe�
ients in a 
ertain model.
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1 Introdu
tionThe se
urity of latti
e-based 
ryptosystems is based on mathemati
al problems whi
hare hard to solve, unless one has some additional information. Short and nearly or-thogonal basis ve
tors 
omputed by basis redu
tion algorithms represent the kindof spe
ial information that make some hard mathemati
al latti
e problems easy to
ompute. More pre
isely, the sear
h for short ve
tors in latti
es, espe
ially �ndingthe shortest ve
tor, is assumed to be a hard problem and be
omes an easy 
ompu-tational task with the knowledge of short ve
tors in that parti
ular latti
e.A su

essful and e�
ient algorithm that works for higher dimensions was introdu
edby Arjen Lenstra, Hendrik Lenstra, and László Lovász in 1982 [LLL82℄. This famousalgorithm was named after its authors and is 
alled the LLL-algorithm.Where the output of the LLL-algorithm is an approximation of the shortest latti
eve
tors, the estimation of the bounds of these shortest latti
e ve
tors is a 
ru
ialquestion for todays se
urity assumptions. Con
erning the shortest ve
tor's length,there are worst-
ase bounds whi
h are tight and 
annot be improved [NS05℄, aswell as theoreti
al average-
ase bounds whi
h predi
t a realisti
 assertion in pra
ti
e[SLB09℄,[NS05℄.Some ideas have 
ome up in the 
hallenge of �nding average 
ase bounds whi
h sig-ni�
antly satisfy the pra
ti
al results.In this paper, we will follow the idea from S
hneider et al. [SLB09℄ where the Gram-S
hmidt 
oe�
ients are assumed to be randomly distributed in a 
ertain manner.Essentially, the main 
hara
teristi
 
al
ulations of the LLL-algorithm are performedon the Gram-S
hmidt 
oe�
ients, whi
h represent the orthogonal proje
tion and de-gree of redu
edness during the LLL-redu
tion. In [SLB09℄, a probabilisti
 analysis ofthe Gram-S
hmidt 
oe�
ients yield an expe
tation of the length of the shortest ve
-tor. Instead of performing and analyzing experiments on latti
e redu
tion s
enarios,we will give a theoreti
al analysis of the probabilisti
 behaviour of the Gram-S
hmidt
oe�
ients in a 
ertain model.This paper begins with an introdu
tion to the mathemati
al basi
s whi
h willbe used throughout this paper. This se
tion intends to give the de�nitions of theoperations and algorithms, whi
h are then analyzed from a probabilisti
 point ofview.The next se
tion states all the probabilisit
 density fun
tions of random variablesbeing a mathemati
al 
ombination of two or more randomly distributed variables.These generi
 density fun
tions will be adopted in our probabilisti
 analysis of theoperations taking pla
e in the LLL-algorithm.The a
tual probabilisti
 analysis is then performed in Se
tion 4.At �rst, we sele
t the ve
torial basis on whi
h these 
al
ulations are performed, thenthe initial distribution of the Gram-S
hmidt 
oe�
ients and the proje
ted ve
torsare 
omputed. Finally, we give the probabilisit
 distribution of the Gram-S
hmidt
oe�
ients after they were tou
hed by the Size-redu
e-algorithm and the Swap-algorithm.
1



2 PreliminariesThis se
tion gives an introdu
tion to basi
 mathemati
al de�nitions of latti
es andprobability theory whi
h will be used in the following se
tions.Generally, all indi
es i of a variable x or a ve
tor x are de�ned, su
h that i > 0 with
i ∈ N.2.1 R

n and latti
esA latti
e L in R
n is a dis
rete additive subgroup of R

n whi
h spans the real eu
lideanve
tor spa
e R of dimension n ∈ N in 
ase its basis has full rank. Typi
ally a full-ranklatti
e is des
ribed as
L(B) :=

{

n
∑

i=1

aivi | ai ∈ Z ∧ vi ∈ B

}

.

B represents the basis of the latti
e L and is de�ned as the matrix B := [b1,b2, ...,bn−1,bn]Twith bi ∈ R
n being linear independent row ve
tors.A more detailed de�nition of latti
es 
an be found in [S
h06℄2.1.1 S
alar produ
t in R

nThe s
alar produ
t or inner produ
t of the n-dimensional real ve
tor spa
e R
n oftwo ve
tors a,b ∈ R

n with a = (a1, a2, ..., an−1, an) and b = (b1, b2, ..., bn−1, bn) is asymmetri
 and positive de�nite, bilinear form and de�ned as 〈·〉 : R
n ×R

n 7→ R with
〈a · b〉 :=

n
∑

i=1

aibi .2.1.2 Eu
lidean normA norm on R
n is a fun
tion ‖·‖ : R

n 7→ R that assigns a stri
tly positive length toall ve
tors in a ve
tor spa
e.The most 
ommonly used norm on R
n is the so 
alled eu
lidean norm whi
h des
ribesan intuitive notion of the length of a ve
tor a, su
h that

‖a‖ :=
√

a2
1 + · · · + a2

n =
√

〈a · a〉 .2.1.3 Gram-S
hmidt orthogonalization (GSO)AGram-S
hmidt-orthogonalized basisB
∗ ofB is de�ned as the matrix B

∗ = [b∗
1,b

∗
2, ...,b

∗
n−1,b

∗
n]Twith the 
omponents b

∗
i = bi −

∑i−1
k=1 µi,kb

∗
k and the Gram-S
hmidt 
oe�
ients

µi,j =
ri,j

rj,j
, ri,j =

〈

bi · b∗
j

〉, rj,j =
〈

b
∗
j · b∗

j

〉 with bi ∈ B and all j ≤ i. The pairwiseorthogonal ve
tors b
∗
i ∈ B

∗ span the same n-dimensional subspa
e of R
n as the ve
-tors bi ∈ B.The Gram-S
hmidt 
oe�
ients µi,j 
an be 
al
ulated from the lower triangular ma-trix R whi
h 
an be viewed as: 2



R :=















r1,1 0 0 · · · 0
r2,1 r2,2 0 · · · 0
r3,1 r3,2 r3,3 · · · 0... ... ... . . . 0
rn,1 rn,2 rn,3 · · · rn,n













2.2 LLLThe LLL-Algorithm 
omputes a redu
ed latti
e basis in a time polynomial in thelatti
e dimension and is named after its 
reators Arjen Lenstra, Hendrik Lenstra,and László Lovász. The �nal vesion of the algorithm is presented in [LLL82℄.Given an input basis B = [b1,b2, . . . ,bn]T for a latti
e L in R
n, the LLL algorithmoutputs a LLL-redu
ed latti
e basis whose ve
tors are short and nearly orthogonal.First we give a short des
ription of the mathemati
al meaning of LLL-redu
ed bases,then parts of the LLL-algorithm are presented, whi
h are examined in followingse
tions.2.2.1 δ-LLL redu
ed basesA basis B = [b1, ...,bn]T is 
alled δ-LLL redu
ed with δ ∈ (1

4 ; 1] if
|µi,j| ≤ 0.5 for 1 ≤ j < i ≤ n

||b∗
i ||2 ≤ ||b∗

i+1||2

(δ − µi+1,i)
for i = 1, ..., n .Bases whi
h satisfy the �rst property are 
alled size-redu
ed. δ represents the qualityof the redu
tion. The bigger δ, the more the bases are redu
ed.The latter 
ondition is 
alled the Lovász-
ondition. Note that this 
ondition onlyrelies on the Gram-S
hmidt 
oe�
ient on the subdiagonal of the Gram-S
hmidtmatrix.2.2.2 The LLL-algorithmA 
omplete de�nition of the algorithm 
an be found in [S
h06℄ or [LLL82℄. For thiswork, the main interesting parts of the algorithm are the size redu
tion operationand the swap operation performed on the ve
tors of the input basis.Unless otherwise stated, the parameter k stands for the 
urrent step of the LLL-algorithm in this paper.Swap algorithm: Swap In 
ase the orthogonal proje
ted ve
tors b

∗
k and b

∗
k−1of the basis ve
tors bk,bk−1 ∈ B violate the Lovász-
ondition, the ve
tors bk and

bk−1 are swapped.The ex
hange of the two basis ve
tors leads to several new 
omputations performedon the Gram-S
hmidt-matrix µ.The values of µk,i and µk−1,i are swapped with 1 ≤ i ≤ k−2 a

ording to Algorithm2. µk,k−1 on the subdiagonal, as well as all µj,k−1 and all µj,k with k + 1 ≤ j ≤ nhave to be re
omputed a

ording to Algorithm 3, 4 and 5.All variables x denoted like x̂ are the output of the following algorithms, emphasizingits re
omputation. 3



Size redu
tion algorithm: Size-redu
e The redu
tion of the basis ve
tors isperformed by the following Algorithm 1 as a part of the LLL-algorithm.Algorithm 1: Size-redu
e. Size-redu
tion of bk and update of the Gram-S
hmidt 
oe�
ientsInput: Latti
e basis Bk = [b1, b2, ...,bk] with Bk ⊂ B, the ve
tor µk = [µk,1, µk,2, ..., µk,k−1],
k ≤ nOutput: size-redu
ed bk su
h that ‖bk‖2 ≤ max(‖b1‖2 , ...,‖bn‖2) and the updatedGram-S
hmidt 
oe�
ients µkfor j = k − 1, ..., 1 do

bk := bk − ⌊µk,j⌉bjfor i = 1, ..., j do
µk,i := µk,i − ⌊µk,j⌉µj,iFor more details on the bounds of ‖bk‖2, µk or the runtime of the algorithm, werefer to [S
h06℄.In Se
tion 4, we will step deeper into the impa
ts of these 
al
ulations and analyzetheir probabilisti
 behaviour.2.3 Theory of probabilitiesIn this paper we will only fa
e fun
tions of 
ontinuous probability distributions. Fora measure-theoreti
 formalization of probability theory we refer to [Koh09℄. We willkeep the de�nitions simple as the need arises.2.3.1 Density fun
tionsDe�nition 2.1 (Density fun
tion). A fun
tion fX : R 7→ R is 
alled density fun
tionof a random variable X if

FX(x) = Pr[X ≤ x] =

∫ x

−∞
f(u) du , (1)with FX beeing the 
umulative distribution fun
tion of X. The image of fX is non-negative:

fX(x) ∈ [0 : ∞) (2)and the density fun
tion fX(x) is normed su
h that
∫ ∞

−∞
fX(x) dx = 1 . (3)All density fun
tions developed in the following lemmata and theorems ful�llthese absolute ne
essary properties and are denoted with the letter f and an identi-fying index.

4



Algorithm 2: Swapping µk,i and µk−1,i for i = 1, ..., k − 2Input: the ve
tors µk = [µk,1, µk,2, ..., µk,k−2] and µk−1 = [µk−1,1, µk−1,2, ..., µk−1,k−2], k ≤ nOutput: µ̂k,i and µ̂k−1,ifor i = 1, ..., k − 2 do
µ̂k,i = µk−1,i

µ̂k−1,i = µk,i

Algorithm 3: Re
omputation of µk,k−1Input: The Gram-S
hmidt 
oe�
ient µk,k−1, rk,k and rk−1,k−1Output: µ̂k,k−1

µ̂k,k−1 := µk,k−1
rk−1,k−1

r̂k−1,k−1

with r̂k−1,k−1 := µ2
k,k−1

rk−1,k−1 + rk,k

Algorithm 4: Re
omputation of µj,k−1 with k + 1 ≤ j ≤ nInput: r̂k−1,k−1, the new proje
ted basis ve
tor b̂∗

k−1
, and the basis ve
tors [bj , ...,bn]TOutput: [µ̂k+1,k−1, µ̂k+2,k−1, ..., µ̂n,k−1]Tfor j = k + 1, ..., n do

µ̂j,k−1 :=

D

bj ·b̂
∗

k−1

E

r̂k−1,k−1

Algorithm 5: Re
omputation of µj,k with k + 1 ≤ j ≤ nInput: The new Gram-S
hmidt 
oe�
ient µ̂k,k−1, b
∗

k−1
, b̂

∗

k−1
, and the basis ve
tors [bk, ...,bn]TOutput: [µ̂k+1,k, µ̂k+2,k , ..., µ̂n,k ]Tfor j = k + 1, ..., n do

b̂∗

k
= b∗

k−1
− µ̂k,k−1b̂

∗

k−1

r̂k,k :=
D

b̂
∗

k
· b̂∗

k

E

µ̂j,k :=
〈bj ·b̂

∗

k〉
r̂k,k

5



3 Rede�ned fundamental operationsHaving some basi
 density fun
tions of random variables X,Y , it is possible to 
al-
ulate density fun
tions of new random variables Z resulting from fundamental op-erations like summation or squaring of these variables X,Y .In this se
tion we will present probabilisti
 rede�nitions of all the fundamental math-emati
al operations that take pla
e throughout the LLL-algorithm. In the next se
-tion, these tools are used to model the behaviour of 
ertain distributed variablestou
hed by the LLL algorithm.All random variables are linear independent unless otherwise stated.3.1 Distribution of linear transformationsLemma 3.1 (Distribution of Y = αX+β). Let X be a random variable, whose valuesare distributed with a 
ertain density fun
tion fX . The random variable Y = αX +βwith α > 0 has the density
fY (y) =

1

α
· fX(

y − β

α
) . (4)Proof. With FY (y) being the distribution fun
tion of the random variable Y = αX+

β and fX(x) being the density fun
tion of X, FY (y) is de�ned as
FY (y) = Pr[Y ≤ y] = Pr[αX + β ≤ y] = Pr[X ≤ y − β

α
]

= FX(
y − β

α
) =

∫ y−β

α

−∞
fX(u) du

fY (y) =
dFY (y)

dy
=

dFX(y−β
α

)

dy

=
1

α
· fX(

y − β

α
) .3.2 Distribution of sumsLemma 3.2 (Distribution of Y =
∑

i Xi). Let Xi with i, n ∈ N and 1 ≤ i ≤ nbe a random variable, whose values are distributed with a 
ertain 
ombined densityfun
tion fn
X : R

n 7→ R and the summation Y =
∑n

i Xi with the random variable Y .Then
fY (y) =

∫ ∞

−∞
...

∫ ∞

−∞
fn

X(y −
n

∑

i=2

xi, x2, x3, ..., xn)d(x2, x3, ..., xn) . (5)Proof. With FY (y) being the distribution fun
tion of the random variable Y =
∑n

i=1 Xi and fn
X(x1, x2, ..., xn) : R

n 7→ R being the 
ombined density fun
tion ofthe n-dimensional random variable X, FY (y) is de�ned as
FY (y) = Pr[Y ≤ y] = Pr[

n
∑

i=1

Xi ≤ y] .6



WithX = (X1,X2, ...,Xn) and the set Bn ⊆ R
n,Bn := {(X1,X2, ...,Xn)|∑n

i=1 Xi ≤
y} the above statement ist eqivalent to

FY (y) = Pr[(X1,X2, ...,Xn) ∈ Bn]

=

∫

Bn

fn
X(x1, x2, ..., xn)d(x1, x2, ..., xn) ,with X1 ≤ y − ∑n

i=2 Xi

FY (y) =

∫ ∞

−∞
...

∫ y−Pn
i=2 xi

−∞
fn

X(x1, x2, ..., xn)d(x1, x2, ..., xn)

=

∫ ∞

−∞
...

∫ y

−∞
fn

X(x1 −
n

∑

i=2

xi, x2, ..., xn)d(x1, x2, ..., xn) .So the density fun
tion fY (y) is
fY (y) =

dFY (y)

dy
=

∫ ∞

−∞
...

∫ ∞

−∞
fn

X(y −
n

∑

i=2

xi, x2, ..., xn)d(x2, ..., xn) .While Lemma 3.2 
omes in a bit unhandy, it is also possible to state an indu
tiveformula representing the probability density fun
tion of a random variable Y =
∑

i Xi as in Lemma 3.3.De�nition 3.3 (Indu
tive variant of Lemma 3.2). Let Xi,Yi be random variableswith 1 ≤ i ≤ n and i, n ∈ N. With Yn =
∑n

i=1 Xi, the density fun
tion of Yi isde�ned as
fY1

(y) = fX1
(x)

fY2
(y) =

∫ ∞

−∞
fX1

(y − t)fX2
(t)dt

fYn(y) =

∫ ∞

−∞
fYn−1

(y − t)fXn(t)dt .3.3 Distribution of quotientsLemma 3.4 (Distribution of X1

X2
). Let X1,X2 be random variables, whose values aredistributed with a 
ertain 
ombined density fun
tion fX : R

2 7→ R and the randomvariable Y de�ned as Y = X1

X2
. The density fun
tion fY (y) is given by

fX1
X2

(y) =

∫ ∞

−∞
|t| · fX(ty, t)dt (6)Proof. With the 
umulative distribution fun
tion FY (y) and B2 ⊆ R

2,B2 := {(x1, x2)|x1

x2
≤

y}

FY (y) =

∫∫

B2

fX(x1, x2)dx1dx2

=

∫ 0

−∞
{
∫ ∞

x2y

fX(x1, x2)dx1}dx2 +

∫ ∞

0
{
∫ x2y

−∞
fX(x1, x2)dx1}dx2 .7



The density fun
tion fY (y) is given by derivating FY (y):
fY (y) =

dFY (y)

dy
=

∫ 0

−∞
(−x2) · fX(x2y, x2)dx2 +

∫ ∞

0
x2 · fX(x2y, x2)dx2

=

∫ ∞

−∞
|x| · fX(xy, x)dx .As shown in [HT00℄.3.4 Distribution of produ
tsLemma 3.5 (Distribution of X1X2). Let X1,X2 be random variables, whose valuesare distributed with a 
ertain 
ombined density fun
tion fX : R

2 7→ R and the randomvariable Y de�ned as Y = X1X2. The density fun
tion fX1X2
(y) is given by

fX1X2
(y) =

∫ ∞

−∞

1

|t| · fX(t,
y

t
)dt . (7)Proof. The proof is analog to the proof of Lemma 3.4.3.5 Distribution of squaresLet X1,X2, Y be random variables. Consider the distribution of the produ
t Y =

X1X2 in the spe
ial 
ase that X1 = X2. The ve
tor X = (X1,X2) is 
on
entrated onthe line G := {(x1, x2) ∈ R
2 | x1 = x2} and FX(G) = 1 exists. Otherwise, this line Gis a Borel null set of R

2, meaning the 2-dimensional Lebesgue measure λ(2)(G) = 0.Therefore the 
umulative distribution fun
tion FX of X is not absolutely 
ontinuous,so the density fun
tion fX of X 
annot exist.Lemma 3.6 (Distribution of X2). Let X be a random variable, whose values aredistributed with a 
ertain density fun
tion fX and the random variable Y representingthe square Y = X2. Then
fX2(y) =

1

2
√

y
· (fX(

√
y) + fX(−√

y)) . (8)Proof. With FY (y) being the distribution fun
tion of the random variable Y and
fX(x) being the density fun
tion of X, FY (y) is de�ned as

FY (y) = Pr[Y ≤ y] = Pr[X2 ≤ y] = Pr[−√
y ≤ X ≤ √

y]

=

∫

√
y

−√
y

fX(x)dx =

∫ 0

−√
y

fX(x)dx +

∫

√
y

0
fX(x)dx .With the substitution x =

√
v ⇒ dx = dv

2
√

v
is

∫

√
y

0
fX(x)dx =

∫ y

0

1

2
√

v
fX(

√
v)dvand x = −√

v ⇒ dx = dv
2
√

v
is

∫ 0

−√
y

fX(x)dx =

∫ y

0

1

2
√

v
fX(−

√
v)dv8



so
FY (y) =

∫

√
y

−√
y

fX(x)dx =

∫ y

0

1

2
√

v
(fX(

√
v) + fX(−

√
v))dv.The density fun
tion fX2(y) is de�ned as

fX2(y) =
dFY (y)

dy
=

1

2
√

y
(fX(

√
y) + fX(−√

y)) .3.6 S
alar produ
ts revisitedThe s
alar produ
t is de�ned as the sum of produ
ts as in Se
tion 2.1.1. Alreadyhaving de�ned how summation and multipli
ation in�uen
e the distribution of someinitial random variables, it is possible to model even more 
omplex operations likethe s
alar produ
t.Theorem 3.7 (Distribution of the s
alar produ
t). Let Xi, Yi, Zi be random variableswith 1 ≤ i ≤ n and i, n ∈ N and their density fun
tions fXi
, fYi

, fZi
. With Zn =

∑n
i=1 XiYi the density fun
tion fZi

of Zi is de�ned as
fZ1

(z) =fX1Y1
(z) =

∫ ∞

−∞

1

|t| · fX1
(t) · fY1

(
z

t
)dt

fZ2
(z) =

∫ ∞

−∞
fZ1

(t)fX2Y2
(z − t)dt...

fZn(z) =

∫ ∞

−∞
fZn−1

(t)fXnYn(z − t)dt .Proof. Theorem 3.7 follows dire
tly from 
ombining De�nition 3.3 with Lemma 3.5.

9



4 Probability analysis of randomly distributed variablesHaving spe
i�ed all the ne
essary tools in the se
tions before, now we will analyzethe probabilisti
 distribution of 
ertain variables operated by the LLL-algorithm ona meaningful model of a latti
e.As mentioned before, we assume that major variables like the Gram-S
hmidt 
oef-�
ients µi,j or the proje
ted basis ve
tors b
∗
i behave like random variables. Be
ausethese variables are deterministi
ally 
omputed by several operations on the basis ve
-tors bi ∈ B of the latti
e L(B), the 
omponents bij ∈ bi also have to be distributedin a 
ertain manner.We initially give a model of a latti
e with �xed parameters, then we analyze theinitial distribution of the Gram-S
hmidt 
oe�
ients µi,j and the in�uen
e that theLLL-operations Swap and Size-redu
e have on these variables µi,j.Note that the se
ond indi
e of a Gram-S
hmidt 
oe�
ient µ is always smallerthan the �rst indi
e. Gram-S
hmidt 
oe�
ients µi,j with i ≤ j are not subje
t tothis analysis, be
ause either µi,j = 1 for i = j or µi,j = 0 for i < j.4.1 Sele
ting the parametersTo start with our analysis, we have to �x the distribution of the 
omponents of thebasis ve
tors bij ∈ bi and so the base of the latti
e. The indi
e j ∈ N denotes the
omponent of the ve
tor bi.Consider following algorithm for generating our base:Algorithm 6: Generating a basis matrix with 
ertain distributed 
omponentsInput: A model parameter q ∈ N, dimension nOutput: Lower triangular matrix with row ve
tors bi, whose 
omponents are uniformly andindependently distributed, ex
ept of the parameter q on the diagonalfor i = 1, ..., n dofor j = 1, ..., i doif i == j then

bjj
:= qelse

bij
∈$ [− q

2
,

q

2
] ⊲ uniformly, independently pi
k a number at randomThe resulting latti
e basis B will look like:

B :=















q 0 0 · · · 0
b21

q 0 · · · 0
b31

b32
q · · · 0... ... ... . . . 0

bn1
bn2

bn3
· · · q















=











b1

b2...
bn











. (9)With j < i, bij are uniformly and independently distributed in the interval [− q
2 ; q

2 ]and bi for i = 1, ..., n are row ve
tors. 10



4.2 Probability distribution of the initial GSOThe examination of the initial GSO (Gram-S
hmidt-Orthogonalization) 
onsists ofstudying the probabilisti
 distribution of the variables µi,j and b
∗
i before the LLL-algorithm applies its Swap and Size-redu
e operations.First we examine the 
omputation rule for µi,j =

ri,j

rjj
, with j < i and give theprobabilisti
 distributions of these random variables. Then we look at the proje
tedve
tors b

∗
i and its 
omputation rule for 1 ≤ i ≤ n.Theorem 4.1 (Distribution of the Gram-S
hmidt 
oe�
ients µi,j). The 
oe�
ients

µi,j are uniformly distributed within the interval [−1
2 ; 1

2 ], the densitiy of µi,j for j < iis given by
fµi,j

(x) =

{

1 if x ∈ [−1
2 ; 1

2 ]

0 otherwise .
(10)Proof. The Theorem 4.1 
an be either shown by dire
t appli
ation of the 
omputa-tion rule for µi,j, or by using the distribution fun
tions from Se
tion 3. To simplifymatters, we will use the 
omputation rule here:

µi,j =
ri,j

rjj
=

〈

bi · b∗
j

〉

〈

b∗
j · b∗

j

〉 =
q · bij

q2
=

bij

q
.With bij ∈$ [− q

2 , q
2 ], this implies that bij

q
∈ [−1

2 ; 1
2 ], so µi,j has the density fun
tion

fµi,j
(x) of a uniformly distributed variable for j < i.Theorem 4.2 (Distribution of the proje
ted ve
tors b

∗
i ). The ve
tors b

∗
i are dis-tributed as follows

b
∗
i = q · ~ei = (0, ..., 0, q, 0, ..., 0) . (11)Where ~ei ∈ R

n represents the i-th unit ve
tor of R
n.Proof. The Theorem 4.2 is indu
tively shown over i.By De�nition 2.1.3, it holds that, b

∗
i = bi −

∑i−1
j=1 µi,jb

∗
j .The indu
tive basis with i = 1 holds: b

∗
1 = b1 = q · ~e1.For the indu
tive step, we assume that Theorem 4.2 holds for j ≤ i − 1. (†)So Theorem 4.2 follows for all 1 ≤ i ≤ n:

b
∗
i = bi −

i−1
∑

j=1

µi,jb
∗
j with Theorem 4.1 follows

= bi −
i−1
∑

j=1

bij

q
b
∗
j with the assumption (†)

= bi −
i−1
∑

j=1

bij · ~ei

= q · ~ei . 11



4.3 Probability distribution after Size-redu
eThe Algorithm Size-redu
e is 
alled on every iteration of the while-loop within theLLL-algorithm 2.2.2. In this paper, we limit ourselves to analyzing the Size-redu
e-algorithm exe
uted in the �rst iteration of the while-loop, right after the initial GSOhas been 
omputed.Be
ause the Lovász-
ondition only refers to the Gram-S
hmidt 
oe�
ients lying onthe subdiagonal, we will further limit the following analysis to these 
oe�
ients.As we view all operations on the Gram-S
hmidt 
oe�
ients from a probabilisti
point of view, the essential instru
tion µk,k−1 := µk,k−1 − ⌊µk,k−1⌉µk−1,k−1 
an berepresented by the fun
tion h : R
2 7→ R. With the random variables X taking valuesof µk,k−1 and Y is modelling µk−1,k−1,

h(X,Y ) = X − ⌊X⌉Y .By taking a 
loser look at the random variables X and Y , one realizes that Y isde�ned as being 
onstanly 1. The random variable X is ranging in the interval
[−1

2 ; 1
2 ], whi
h means that ⌊X⌉ = 0. So, in fa
t Size-redu
e is applied on alreadyredu
ed Gram-S
hmidt 
oe�
ients and the algorithm does not 
hange their valueson the subdiagonal.4.4 Probability distribution after SwapAs already stated in Se
tion 2.2.2, the Swap-algorithm is responsible for severalupdates of the Gram-S
hmidt 
oe�
ients. These are divided into several parts bymeans of Algorithm 3, 4 and 5. The �rst part, de�ned by Algorithm 2, simply swapsthe values of µk,i and µk−1,i for all i ≤ k − 2. Their distributions are not alteredduring these 
omputations.The interesting parts of Swap are given by the algorithms 3 to 5. There, the values ofsome spe
i�
 Gram-S
hmidt 
oe�
ient are re
omputed. In fa
t, this leads to di�erentdistributions for µ̂k,k−1 and µ̂j,k−1, µ̂j,k for j ≥ k + 1 ∧ j ≤ n.4.4.1 Probability distribution of µ̂k,k−1Theorem 4.3 (Distribution of µ̂k,k−1). Given a random variable Z whi
h takes val-ues of the randomly distributed µ̂k,k−1 = µk,k−1

rk−1,k−1

r̂k−1,k−1
, with µk,k−1 beeing uniformlydistributed as shown in Theorem 4.1.With the latti
e basis generated by Algorithm 6, the density fun
tion of the randomlydistributed µ̂k,k−1 is given by

fµ̂k,k−1
(z) =



























2
3

√

− 1
2z

− 1(2 − 1
2z

) if z ∈ [−1
2 ;−2

5)
13
12 if z ∈ [−2

5 ; 2
5 ]

2
3

√

1
2z

− 1(2 + 1
2z

) if z ∈ (2
5 ; 1

2 ]

0 otherwise .

(12)
12
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Figure 1: Density fun
tion of µ̂k,k−1Proof of Theorem 4.3. Having all the operations de�ned in Se
tion 3, we 
anapply them to the uniformly distributed random variable µk,k−1 in the way µ̂k,k−1is being 
omputed.There are several parts to take 
are of. First we identify all the needed operations,that are applied to our uniformly distributed µk,k−1, then we 
al
ulate the densityfun
tions for ea
h step of the 
omputation and in the end, we 
ombine all stepsresulting in the above stated Theorem 4.3.With de�nition of Algorithm 3, it holds that,
µ̂k,k−1 := µk,k−1 ·

rk−1,k−1

r̂k−1,k−1
=

µk,k−1 · rk−1,k−1

r̂k−1,k−1
, (13)with r̂k−1,k−1 := µ2

k,k−1 · rk−1,k−1 + rk,k and rk−1,k−1 =
∥

∥b
∗
k−1

∥

∥

2.The distribution of µk,k−1 is already known and given by Theorem 4.1, also the valueof rk−1,k−1 is known and follows from Theorem 4.2:
rk−1,k−1 =

∥

∥b
∗
k−1

∥

∥

2
=

〈

b
∗
k−1 · b∗

k−1

〉

= q2 . (14)Next, we need to 
al
ulate the distribution, respe
tively the density fun
tion of therandom variable r̂k−1,k−1.After that, all required density fun
tions for (13) are known and 
an be applied tothe 
al
ulation rule of the density fun
tion of the multipli
ation operation in Lemma3.5.In (13) we have two multipli
ations of two random variables and one sqared modelparameter q2.Distribution of r̂k−1,k−1. In the following, we will 
al
ulate the distribution of
b̂
∗
k−1 and then the square of its eu
lidean norm ∥

∥

∥b̂
∗
k−1

∥

∥

∥

2
= r̂k−1,k−1.A

ording to Se
tion 2.1.3(GSO) and the explanation of Swap in Se
tion 2.2.2, it13



holds that
b̂
∗
k−1 = b̂k−1 −

k−2
∑

j=1

µ̂k−1,j · b̂∗
j

= bk −
k−2
∑

j=1

µk,j · b∗
j

= b
∗
k + µk,k−1 · b∗

k−1 .In order to get the distribution of b̂
∗
k−1, we have to sum up two ve
tors.As stated in Theorem 4.2 , the 
omponents of b

∗
k−1 are 0 ex
ept in the index k − 1,where b∗k−1k−1

= q. The same holds for the ve
tor b
∗
k for the index k.First, we model the random variable X as the multipli
ation of the uniformlydistributed random variable Y and the model parameter q, representing the 
al
ula-tion instru
tion µk,k−1 · b∗

kThis leads dire
tly to the density fun
tion fµk,k−1·q(x) for the random variable X,whi
h is uniformly distributed.
fµk,k−1·q(x) =

{

1
q

if x ∈ [− q
2 ; q

2 ]

0 otherwise .
(15)Be
ause of Theorem 4.2, summing µk,k−1 · b∗

k−1 with the ve
tor b
∗
k has no e�e
t onthe distribution of its 
omponents:

b̂
∗
k−1 = q · ~ek + µk,k−1 · q · ~ek−1 (16)Lemma 4.4 (Distribution of ∥

∥

∥
b̂∗

k−1

∥

∥

∥

2
= r̂k−1,k−1). The distribution of ∥

∥

∥
b̂∗

k−1

∥

∥

∥

2,represented by the random variable Z, is given by the density fun
tion f‖b̂∗

k−1‖2(z)

f‖b̂∗

k−1‖2(z) =







1

q·
√

z−q2
if z ∈ (q2; 5q2

4 ]

0 otherwise .
(17)Proof. With (16), it holds that ∥

∥

∥
b̂
∗
k−1

∥

∥

∥

2
= (µk,k−1 · q)2 + q2.Note, that q is not a random variable and instead represents the model parameterpi
ked in Se
tion 4.1 (Sele
ting the parameters).This 
al
ulation will be represented on random variables X,Y and Z, de�ned as

Z = Y + q2, with Y = X2. The random variable Z represents ∥

∥

∥
b̂
∗
k−1

∥

∥

∥

2 and X istaking values of µk,k−1 · q.First, we give the density fun
tion of Y = X2 and then sum Y with q2 to a
hievethe density fun
tion f‖b̂∗

k−1‖2(z).With X and its density fun
tion fµk,k−1·q as stated in (15) and X2 following the14



instru
tions of Lemma 3.6 (Distribution of squares), we get
f(µk,k−1·q)2(y) =

1

2
√

y
· (fµk,k−1·q(

√
y) + fµk,k−1·q(−

√
y))

=
1

2
√

y
· (1

q
+

1

q
)

=
1

q
√

y
,meaning

f(µk,k−1·q)2(y) =

{

1
q
√

y
if y ∈ (0; q2

4 ]

0 otherwise .
(18)Now, having the density fun
tion of Y = X2, we 
an state the density fun
tion ofthe random variable Z, being the representation of Z = Y + q2.Let FZ(z) be the distribution fun
tion of the linear transformation Z = Y + q2, thefollowing equations are similiar to the proof of Lemma 3.1 (Distribution of lineartransformation)

FZ(z) = P (Z ≤ z) = Pr[Y + q2 ≤ z] = Pr[Y ≤ (z − q2)]

= FY (z − q2)

=

∫ z−q2

−∞
fY (u)du =

∫ z−q2

−∞
f(µk,k−1·q)2(u)du =

∫ z−q2

−∞

1

q
√

u
du

=
2
√

z − q2

q
,so

f‖b̂∗

k−1‖2(z) = fZ(z) =
dFZ(z)

dz
=

1

q ·
√

z − q2
.With z = y + q2 is z ∈ (q2; 5q2

4 ]

q2 5q2

4

2
q2 Figure 2: Density fun
tion of ∥

∥

∥
b̂
∗

k−1

∥

∥

∥
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Distribution of µ̂k,k−1. Now, we have all the ne
essary density fun
tions to 
al-
ulate the density of µ̂k,k−1.In remembran
e of Equation (13) the 
al
ulation instru
tion is
µ̂k,k−1 =

µk,k−1 · rk−1,k−1

r̂k−1,k−1
(19).

• µk,k−1 represented by X is distributed with the density fun
tion fµi,j
(x) as inTheorem 4.1

• rk−1,k−1 = q2 is the squared model paramter as (14)
• r̂k−1,k−1 represented by Y is distributed with the density fun
tion f‖b̂∗

k−1‖2(y) =

1

q·
√

y−q2
as stated in Lemma 4.4Combining our lemmata. Now, we use our lemmata and 
omplete our proof ofTheorem 4.3. Similiar to the proof of Lemma 4.4, we split our equation into twoparts and then 
ombine the results.Proof. In the �rst part, we formulate the density fun
tion fµk,k−1·q2(x) of the randomvariable X = µk,k−1 · rk−1,k−1 = µk,k−1 · q2. In the se
ond part, we a
hieve the den-sity fun
tion fµ̂k,k−1

(z) of the random variable Z = X
Y

with the random variable Yrepresenting r̂k−1,k−1 as stated above. Z will then model the probabilisti
 behaviourof µ̂k,k−1.In the same manner as in (15) we 
an dire
tly state the density fun
tion of therandom variable X.
fµk,k−1·q2(x) =

{

1
q2 if x ∈ [− q2

2 ; q2

2 ]

0 otherwise . (20)As formulated in Lemma 3.4 the density fun
tion of the division of two randomvariables X and Y is proven to be
fX

Y
(z) =

∫ ∞

−∞
|t| · fX(tz) · fY (t)dt (21)With fX(x) = fµk,k−1·q2(x) and fY = f‖b̂∗

k−1‖2(y), we get
fX

Y
(z) =

∫ ∞

−∞

|t|
q3 ·

√

t − q2
dt . (22)In order to expli
itly formulate the integral (22) we give a 
ase analysis on instan
es

z of the random variable Z. With x ∈ [− q2

2 ; q2

2 ] and y ∈ (q2; 5q2

4 ], z is ranging in the
16



interval [− q2

2q2 ; q2

2q2 ] = [−1
2 ; 1

2 ].
fX

Y
(z) =







































∫ − q2

2·z

q2
t

q3·
√

t−q2
dt if z ∈ [−1

2 ;−2
5 )

∫

5q2

4

q2
t

q3·
√

t−q2
dt if z ∈ [−2

5 ; 2
5 ]

∫

q2

2·z

q2
t

q3·
√

t−q2
dt if z ∈ (2

5 ; 1
2 ]

0 otherwiseBy solving the integrals, we a
hieve the density fun
tion of the random variable Zrepresenting µ̂k,k−1:
fµ̂k,k−1

(z) =



























2
3

√

− 1
2·z − 1(2 − 1

2·z ) if z ∈ [−1
2 ;−2

5)
13
12 if z ∈ [−2

5 ; 2
5 ]

2
3

√

1
2·z − 1(2 + 1

2·z ) if z ∈ (2
5 ; 1

2 ]

0 otherwiseA plot of this fun
tion fµ̂k,k−1
(z) is given with Figure 1.4.4.2 Probability distribution of µ̂j,k−1 for all j ≥ k + 1Theorem 4.5 (Distribution of µ̂j,k−1). Given a random variable Z whi
h takesvalues of the randomly distributed µ̂j,k−1 =

〈bj ·b̂∗

k−1〉
r̂k−1,k−1

. The density fun
tion of therandomly distributed µ̂j,k−1 for j ≥ k + 1 ∧ j ≤ n is given by
fµ̂j,k−1

(z) =







































∫ − 3q2

4z

q2 t · f〈bj ·b̂∗

k−1〉(z · t) · 1

q·
√

t−q2
dt if z ∈ [−3q2

4 ;− q2

4 )

∫

5q2

4

q2 t · f〈bj ·b̂∗

k−1〉(z · t) · 1

q·
√

t−q2
dt if |z| ∈ [0; q2

4 ]

∫

3q2

4z

q2 t · f〈bj ·b̂∗

k−1〉(z · t) · 1

q·
√

t−q2
dt if z ∈ ( q2

4 ; 3q2

4 ]

0 otherwise (23)
The fun
tion f〈bj ·b̂∗

k−1〉 is given with Equation (24) of the following Lemma 4.6.Proof of Theorem 4.5. The density fun
tions for the 
omponents bj , b̂∗
k−1, and

r̂k−1,k−1 of µ̂j,k−1 =
〈bj ·b̂∗

k−1〉
r̂k−1,k−1

are already known as they were developed before.A

ording to the 
omputation rule of µ̂j,k−1 as stated in Theorem 4.5, we will applyour rede�ned fundamental operations from Se
tion 3. In fa
t, we need to 
al
ulatethe density fun
tion of the s
alar produ
t 〈

bj · b̂∗
k−1

〉 and the density of the divisionwith r̂k−1,k−1.
17



Lemma 4.6 (Distribution of 〈

bj · b̂∗
k−1

〉). With ln(·) denoting the natural loga-rithm, the density fun
tion of 〈

bj · b̂∗
k−1

〉 is
f〈bj ·b̂∗

k−1〉(z) =































1
2q2 +

(q2+2z)·(ln(| q2

2q2+4z
|)+1)

q4 if z ∈ [−3q2

4 ,− q2

4 )
1
q2 if z ∈ [−1

4q2, q2

4 ]

(q2−2z)·(ln(| q2

−2q2+4z
|)+1)

q4 if z ∈ ( q2

4 , 3q2

4 ]

0 otherwise (24)
1
q2

−3q2

4
3q2

4Figure 3: Density fun
tion of 〈

bj · b̂∗

k−1

〉Proof. The s
alar produ
t 〈

bj · b̂∗
k−1

〉 with j ≥ k + 1 and (16) is de�ned as
〈

bj · b̂∗
k−1

〉

= bk+1k
· q + bk+1k−1

µk,k−1 · q , (25)with
• bk+1k

and bk+1k+1
uniformly distributed as stated in Se
tion 4.1 after (9)

• q as the parameter of the model and
• µk,k−1 uniformly distributed with the density fun
tion stated in Theorem 4.1.In order to 
al
ulate the probability distribution of this s
alar produ
t, we 
al
ulatethe density fun
tions fbk+1k

·q, fbk+1k−1
µk,k−1·q of the produ
ts and then the densityfun
tion f〈bj ·b̂∗

k−1〉 of the sum of their produ
ts. A

ording to Se
tion 4.1, the den-sity fun
tion fbk+1k
·q of the uniformly distributed bk+1k

multiplied with the modelparameter q is modelled by the random variable Z and given by
fbk+1k

·q(z) =

{

1
q2 if |z| ∈ [0, q2

2 )

0 otherwise (26)
18



The density fun
tion fbk+1k−1
µk,k−1·q. The density fun
tion of fbk+1k−1

µk,k−1·q isa 
ombination of fbk+1k−1
and fµk,k−1·q and developed in the following equations.The density fun
tion of fµk,k−1·q of the random variable Z, representing the densityof multiplying the uniformly distributed variable µk,k−1 with the model parameter

q, is:
fµk,k−1·q(z) =

{

1
q

if |z| ∈ [0, q
2 )

0 otherwise (27)The density fun
tion fXY of the produ
t of two random variables X,Y is alreadygiven in Lemma 3.5
fXY (z) =

∫ ∞

−∞

1

|t| · fX(t) · fY (
z

t
)dt . (28)With the random variable Z = X · Y being the representation of the produ
t ofthe random variables X,Y modelling bk+1k−1

and µk,k−1 · q, su
h that fX(x) =
fbk+1k−1

(x) = fY (y) = fµk,k−1·q(y) = 1
q
, we get

fXY (z) =

∫ ∞

−∞

1

|t| · q2
dt . (29)In order to expli
itly formulate this integral, we give a 
ase analysis on instan
es zof the random variable Z. With x, y ∈ [− q

2 ; q
2 ], z is ranging in the interval [− q2

4 ; q2

4 ].
fXY (z) =



















∫

q
2

− q

2

1
|t|·q2dt if z = 0

∫

q

2

− 2z
q

1
|t|·q2 dt if |z| ∈ (0; q2

4 ]

0 otherwise . (30)By solving the integrals, we a
hieve the density fun
tion of the random variable Zrepresenting bk+1k−1
· µk,k−1 · q

fbk+1k−1
·µk,k−1·q(z) =















2·ln( q

2
)

q2 if z = 0

2·ln(| q2

4z
|)

q2 if |z| ∈ (0; q2

4 ]

0 otherwise . (31)The density fun
tion f〈bj ·b̂∗

k−1〉. With a random variable Z and the help of thedensity fun
tion for a summation of two random variables X,Y from De�nition 3.3,we now 
al
ulate the sum Z = X + Y of the produ
ts bk+1k−1
·µk,k−1 · q representedby the random variable X with its density fun
tion fX = fbk+1k−1

·µk,k−1·q and bk+1k·qrepresented by the random variable Y with its density fun
tion fY = fbk+1k
·q.

fX+Y (z) =

∫ ∞

−∞
fX(t) · fY (z − t)dt

=

∫ ∞

−∞

2 · ln(| q2

4t
|)

q4
dt .19



With x ∈ [− q2

4 ; q2

4 ] and y ∈ [− q2

2 ; q2

2 ], follows z ∈ [−3q2

4 ; 3q2

4 ], we will do a 
aseanalysis on instan
es z of the random variable Z:
fX+Y (z) =







































∫

q2

2
+z

q4

4

2·ln(| q2

4t
|)

q4 dt if z ∈ [−3q2

4 ;− q2

4 )

∫

q2

4

0
4·ln( q2

4t
)

q4 dt if |z| ∈ [0; q2

4 ]

∫

q2

4

− q2

2
+z

2·ln(| q2

4t
|)

q4 dt if z ∈ ( q2

4 ; 3q2

4 ]

0 otherwise (32)
=































1
2q2 +

(q2+2z)·(ln(| q2

2q2+4z
|)+1)

q4 if z ∈ [−3q2

4 ;− q2

4 )
1
q2 if z ∈ [−1

4q2; q2

4 ]

(q2−2z)·(ln(| q2

−2q2+4z
|)+1)

q4 if z ∈ ( q2

4 ; 3q2

4 ]

0 otherwise (33)
= f〈bj ·b̂∗

k−1〉 . (34)Applying Lemma 4.6 Now, we will use the density fun
tion f〈bj ·b̂∗

k−1〉 of thes
alar produ
t from Lemma 4.6 and the density fun
tion f‖b̂∗

k−1‖2 of r̂k−1,k−1 fromLemma 4.4 in order to 
al
ulate the density fun
tion of the division Z = X
Y
. Therandom variable X will represent values of 〈

bj · b̂∗
k−1

〉 and the random variable Ywill represent values of r̂k−1,k−1.Again, as stated in Se
tion 3.4, the density fun
tion of a random variable Z = X
Y

isproven to be
fX

Y
(z) =

∫ ∞

−∞
|t| · fX(t · z) · fY (t)dt . (35)With fX = f〈bj ·b̂∗

k−1〉 and fY = f‖b̂∗

k−1‖2 , the density fun
tion of the division resultsto
fX

Y
(z) =

∫ ∞

−∞
|t| · f〈bj ·b̂∗

k−1〉(t · z) · 1

q ·
√

t − q2
dt . (36)Be
ause x ∈ [−3q2

4 , 3q2

4 ] and y ∈ (q2; 5q2

4 ], it follows that z ∈ [−3
4 , 3

4 ] and with a 
aseanalysis on z we a
hieve our desired density fun
tion fµ̂j,k−1
with j > k + 1:

fX
Y

(z) =







































∫ − 3q2

4z

q2 t · f〈bj ·b̂∗

k−1〉(z · t) · 1

q·
√

t−q2
dt if z ∈ [−3

4 ;−1
4 )

∫

5q2

4

q2 t · f〈bj ·b̂∗

k−1〉(z · t) · 1

q·
√

t−q2
dt if |z| ∈ [0; 1

4 ]

∫

3q2

4z

q2 t · f〈bj ·b̂∗

k−1〉(z · t) · 1

q·
√

t−q2
dt if z ∈ (1

4 ; 3
4 ]

0 otherwise (37)
= fµ̂j,k−1

(z) (38)20



4.4.3 Probability distribution of µ̂j,k for all j ≥ k + 1The Gram-S
hmidt 
oe�
ients µ̂j,k 
an be 
al
ulated as follows:
µ̂j,k =

r̂j,k

r̂k,k

=

〈

b̂j · b̂∗
k

〉

〈

b̂∗
k · b̂∗

k

〉 =

〈

bj · b̂∗
k

〉

〈

b̂∗
k · b̂∗

k

〉 .As already shown in Algorithm 5, b̂
∗
k simpli�es as follows

b̂
∗
k = b̂k −

k−1
∑

i=1

µ̂k,i · b̂∗
i

= bk−1 −
k−2
∑

i=1

µk−1,i · b∗
i − µ̂k,k−1 · b̂∗

k−1

= b
∗
k−1 − µ̂k,k−1 · b̂∗

k−1 .With b
∗
k−1 = q ·~ek−1 and b̂

∗
k−1 = q ·~ek + µk,k−1 · q ·~ek−1 as in (16), this means that

b̂
∗
k = q · ~ek−1 · (1 + µ̂k,k−1 · µk,k−1) − q · ~ek · µ̂k,k−1 . (39)Applying the 
al
ulation instru
tion for µ̂j,k results in

µ̂j,k =
bjk−1

· q · (1 + µ̂k,k−1 · µk,k−1) − bjk
· q · µ̂k,k−1

(q · (1 + µ̂k,k−1 · µk,k−1))2 + (q · µ̂k,k−1)2
, (40)with q being the model parameter and bjk−1

, su
h as bjk
being uniformly distributedas de�ned in Se
tion 4.1, µk,k−1 is distributed as stated in Theorem 4.1 and µ̂k,k−1is distributed a

ording to the density fun
tion from Theorem 4.3.
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5 Further WorkIn order to show a more pre
ise analysis of the Gram-S
hmidt 
oe�
ients after LLLredu
tion than was done before, we make several restri
tions to our purely theoreti
alprobabilisti
 analysis.Whether giving a theoreti
al or pra
ti
al analysis, there are 
ountless alternativesthat 
ould be 
onsidered.One approa
h would be to vary or to relieve the restri
tions that are made duringthis analysis, 
oming up with more or less meaningful results.The �rst restri
tion 
omes with the design of the latti
e basis. Several alternatives
an be made leading to immense in�uen
es on the possibility of the su

ess whi
han analysis of the Gram-S
hmidt 
oe�
ients during the LLL-algorithm would have.Therefore, a latti
e basis 
onsisting of 
omponents whi
h follow a 
ertain Gaussiandistribution, would be interesting, for example.There are also several possible alternatives of analyzing Gram-S
hmidt 
oe�
ientsduring the LLL-algorithm. A 
entral question with an interesting answer would yieldan analysis on Gram-S
hmidt 
oe�
ients beeing swapped several times, or being size-redu
ed after they were swapped an iteration before. Even more interesting would bea deep analysis on Gram-S
hmidt 
oe�
ients beeing pro
essed by both operationsseveral times, resulting in some statements of their 
onvergen
e behaviour throughouttheir lifetime.Unfortunately the te
hnique of analyzing the probabilisti
 distribution of severalrandom variables 
onjun
ted in 
omplex ways has its 
omputational limits. Whilesti
king to a purely theoreti
al analysis, we were able to use this te
hnique in ratherless 
omplex environments.Considering the use of automated numeri
al integration, there would be mu
h morepossible regarding this stri
t te
hnique. Having latti
es in high dimensions wouldmake it ne
essary to solve high dimensional integrals like the s
alar produ
t forexample. From this point of view, there would be interesting opportunities for aMonte-Carlo Simulation or numeri
al integrations.
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